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V� 1 *�× ;³�ø5�

1.1 ÊÁá~
�+ ;³�ø5�

Ça��+ 1. �����Ãº_� |9�½+Ë N \�"f &ñ
_��)a z�́�<ÊÃº f : N→ R �̀¦ Ãº\P� (sequence)

�� � 9 y�� n ∈ N \� @/�#� f(n) = an {9�M:, s�Ãº\P��̀¦

a1, a2, . . . , an, . . .

ü< °ú s� �����·p��.

Notation : {an}

Ça��+ 2. a _� ε−��H~½Ó(neighborhood) : a \�¦ �í�<Êô�Ç >h½̈çß�(open interval)

Nε(a) = (a− ε, a + ε).

UdV� 3. >h½̈çß� (3− 0.1, 3 + 0.1) �Ér 3_� 0.1−��H~½Ó 7£¤ N0.1(3)s���.

Ça��+ 4. a _� ε−��H~½Ó(neighborhood) \�"f &h� a\�¦ NS#Q!Q�2; |9�½+Ë, 7£¤

(a− ε, a + ε)− {a} = Nε(a)− {a} = (a− ε, a) ∪ (a, a + ε)

�̀¦ a \�¦ ]j��ô�Ç a_� ε−��H~½Ó(deleted ε−neighborhood)s��� ÂÒØÔ�¦ N∗
ε (a)�� ��H��.

UdV� 5.

1. { 3n
n+1}

2. {2− 1
n}

3. {2 + (−1)n}

4. {n}

UdV� 6. Ãº\P� { 3n
n+1} _� °úכ ×�æ\�"f (3− 0.1, 3 + 0.1) \� [þt#Q����H 'Í	���P: �½Ó�Ér

?

I±Õ
3k

k + 1
≤ 3− 0.1

s���� s� k���P: �½Ó��t���H ½̈çß� (3− 0.1, 3 + 0.1)\� [þt#Q ��t� 3lwô�Ç��. k ≤ 29 s�

��.



Ça��+ 7. Ãº\P� {an} \� @/�#�, n s� ô�Ç\O�s� &�|9�M: ans� {9�&ñ
ô�Ç Ãº l ∈ R \�
ô�Ç\O�s� ����0> |9�M:, Ãº\P� {an} �Ér l \� Ãº§4�ô�Ç��(converge)�� ��¦, l �̀¦ Ãº\P�

{αn} _� �FGô�Ç (limit) ¢̧��H �FGô�Ç°úכs��� ô�Ç��.

limn→∞ an = l ⇐⇒ (e��_�_� ε > 0 \� @/�#� �����Ãº N = N(ε) s� �>rF��#�

n ≥ N ��� �̧��H �����Ãº n \� @/�#� |an − l| < ε s���).

limn→∞ an = ∞ ⇐⇒ (e��_�_� z�́Ãº K \� @/�#� �����Ãº N = N(k) s� �>rF��

#� n ≥ N ��� �̧��H �����Ãº n \� @/K� an > K s��� ).

UdV� 8. limn→∞ 1
n = 0 �̀¦ 7£x"î
�#���.

¤� ÃZ� ε > 0 �̀¦ ÅÒ#Q��� �ª�Ãº�� ���.

Want : �����Ãº N�̀¦ ¹1Ô�� n ≥ N ��� �̧��H �����Ãº n \� @/K�

|1/n− 0| < ε.

7£¤,

1/n < ε ⇐⇒ 1/ε < n

s�Ù¼�Ð 1/ε < N ��� �����Ãº N �̀¦ ���×þ����� 1/N < ε s��¦, 1/ε < N ≤ n ��� �̧��H

�����Ãº n \� @/�#� ��6£§s� $í
wn�ô�Ç��.

| 1
n
− 0| = 1

n
≤ 1

N
< ε

Ça�h� 9. Ãº\P� {an} s� Ãº§4� ���� �FGô�Ç�Ér Ä»{9� ��¦ Ãº\P� {an}�Ér Ä»>�s���.

ÌÁ�+ 10. e��_�_� ε > 0 \� @/�#� |l − l′| < ε s�êøÍ ú́��Ér l = l′ s���.

Ça�h� 11. Ãº\P� {an} õ� {bn} s� Ãº§4�����, 7£¤ lim an = M, s��¦ lim bn = L,s�

��� ��6£§s� $í
wn�ô�Ç��.

(1)

lim
n→∞

(an + bn) = lim
n→∞

an + lim
n→∞

bn = M + L,

(2)

lim
n→∞

anbn = lim
n→∞

an lim
n→∞

bn = ML,

(3)

lim
n→∞

an/bn = lim
n→∞

an/ lim
n→∞

bn =
M

L
, éß�, bn 6= 0, lim

n→∞
bn 6= 0.



UdV� 12. an = 1/n− n2 õ� bn = n2 s���� lim an = ∞, s��¦ lim bn = ∞, s�t�

ëß� lim(an + bn) = 0s���.

UdV� 13. a > 0 {9�M: ��6£§s� $í
wn��<Ê�̀¦ �Ð#���.

lim
n→∞

n
√

a = 1.

¤� ÃZ� ëß���� a = 1 s����, ��"î
.

ëß���� a > 1s����, n
√

a > 1s�Ù¼�Ð an > 0���Ãº\P��̀¦×þ��#� n
√

a = 1+ans���Z�~��

a = (1 + an)n = 1 + nan + · · ·+ an
n ≥ 1 + nan,

(a− 1)/n ≥ an > 0,

lim
n→∞

an ≤ lim
n→∞

(a− 1)/n = 0,

lim
n→∞

n
√

a = lim
n→∞

(1 + an) = 1.

ëß���� a < 1 s����, b = 1/a �� Z�~��. (Òqt|ÄÌ.)

Ça��+ 14. �̧��H �����Ãº n \� @/�#� an ≤ an+1 {9�M:, {an} �̀¦ éß��̧ 7£x�� Ãº\P�
(monotone increasing sequence) s��� ô�Ç��

�̧��H �����Ãº n \� @/�#� an ≥ an+1 {9�M:, {an} �̀¦ éß��̧ y���è Ãº\P� (monotone

decreasing sequence) s��� ô�Ç��

éß��̧ y���è ¢̧��H éß��̧ 7£x�� Ãº\P� ⇐⇒ éß��̧ Ãº\P�

Ça�h� 15. 0A�Ð Ä»>���� 7£x�� Ãº\P��Ér Ãº§4� ô�Ç��.

ÌÁ�+ 16. ��A��Ð Ä»>���� y���è Ãº\P��Ér Ãº§4� ô�Ç��.

UdV� 17. an = (1 +
1
n

)n s� Ãº§4� �<Ê�̀¦ �Ð#���.

¤� ÃZ� s��½Ó&ñ
o�\� _�K� 7£x�� Ãº\P� s��¦ 2n−1 ≤ n!( Ãº�<Æ&h� )±ú�ZO�Ü¼�Ð 7£x"î
)

�̀¦ s�6 x �#� 3\� _�K� bounded H�d�̀¦ 7£x"î


ÌÁ�+ 18.

lim
n→∞

(1 +
1
n

)n = e.



1.2 Áþ�ÊÁ�+ ;³�ø5�

UdV� 19.

lim
x→2

f(x) = lim
x→2

x2 − 5
x− 2

lim
x→2

g(x) = lim
x→2

x2 − 4
x− 2

.

Ça��+ 20. �<ÊÃº f �� �©�Ãº a �� ]jü@�)a a _� ε−��H~½Ó\� e����H �̧��H &h�\�"f &ñ
_�
÷&%3����¦ ���. s�M: x �� a\� Ø�æì�ry� ����s� °ú�M: f(x) �� {9�&ñ
ô�Ç z�́Ãº L\� ô�Ç

\O�s� ����s� ����� L�̀¦ x = a\�"f_� f(x)_� �FGô�Ç°úכ ¢̧��H �FGô�Ç s�����¦ s��¦̀�	כ

��6£§õ� °ú s� �����·p��.

lim
x→a

f(x) = L

Ça��+ 21. �<ÊÃº_� �FGô�Ç ( ε− δ &ñ
_�)

e��_�_� ε > 0\�@/�#� δ(ε) > 0���>rF�K�"f 0 < |x−a| < δ s���� |f(x)−L| < ε

s���. #�l�"f δ ��H ε_� �<ÊÃºs���.



UdV� 22.

f(x) =





1, x ≥ 0

−1, x < 0

ε = 1/2 s��� ú̧�Ü¼��� #Q�"� δ > 0\� @/K�"f�̧, |f(x)− L| > 1/2 ��� x �� �>rF�ô�Ç

��.

Ça��+ 23. x�� a\�Ø�æì�ry�����s�����H¿º��t�~½ÓZO� :¢,aAá¤\�"f �̧�ÉrAá¤\�"fs�

M:_��FGô�Ç°ú̀�כ¦y��y��Äº�FGô�Ç = limx→a+ f(x),ýa�FGô�Ç = limx→a− f(x)s���ô�Ç��



UdV� 24.

f(x) =
x

|x| =





1, x > 0

−1, x < 0

limx→0+ f(x) = 1, limx→0− f(x) = −1

�×�¿Ça�h� 25. x = a \�"f f(x) _� �FGô�Çs� �>rF�ô�Ç�� ⇐⇒ limx→a+ f(x) =

limx→a− f(x)

UdV� 26. limx→a(mx + b) = ma + b e���̀¦ �Ð#���.

¤� ÃZ�

|mx + b−ma− b| = |m||x− a| < |m|δ = ε

δ = ε/|m| Ü¼�Ð ú̧��̀¦ Ãº e����.



UdV� 27. a > 0 {9� M:

limx→a
√

x =
√

a e���̀¦ �Ð#���.

¤� ÃZ�

|√x−√a| = |√x−√a|
√

x +
√

a√
x +

√
a

=
|x− a|√
x +

√
a
≤ |x− a|√

a
<

δ√
a

= ε

δ = ε(
√

a) Ü¼�Ð ú̧��̀¦ Ãº e����.

UdV� 28. limx→2 x2 = 4 e���̀¦ �Ð#���.

¤� ÃZ�

|x2 − 22| = |x + 2||x− 2| < |x + 2|δ

Äºo���H #�l�"f

|x + 2|δ < ε

s�l�\�¦ "é¶ô�Ç��. �t�ëß� δ\�¦ ε\� @/ô�Ç �<ÊÃº�Ð ����?/l��� Ô�¦��0px���.

ëß����

|x− 2| < 1

s��� ����

1 < x < 3

s��¦

3 < x + 2 < 5

s���. Õª�QÙ¼�Ð

δ = min{1, ε/5}

s��� ����

|x2 − 22| = |x + 2||x− 2| < |x + 2|δ ≤ 5
ε

5
< ε

s���.

UdV� 29. limx→2 sin πx
2 = 0 \� @/�#�, (a)ε = 1

2 , (b) ε = 0.1 ��� �â
Äº\� @/6£x

÷&��H δ > 0 \�¦ ½̈�#���.

¤� ÃZ� e��_�_� ε > 0\� @/�#�,

0 < |x− 2| < δs���� | sin πx

2
− 0| < ε

s� $í
wn����H δ > 0\�¦ ¹1Ô���Ð��.

(a). ε = 1
2 \� @/�#�, 0 < |x− 2| < δ {9� M:

−1
2

< sin
πx

2
− 0 <

1
2



s�$í
wn����H δ > 0\�¦¹1Ô���Ð��.(��ÉÓ'���>�íß�l�\�¦��6 x�#� x ∈ [1.666667, 2.333333]

{9�M: y ∈ [−0.5, 0.5]e���̀¦ ·ú�Ãº e����. Õª�QÙ¼�Ð

δ = 2.333333− 2 = 2− 1.666667 = 0.333333

Ü¼�Ð ���&ñ
�)a��.

Ça�h� 30. (&ñ
o� 1.5)

limx→a f(x) = b s�l� 0Aô�Ç �¹Ø�æìכ��9r�̧|	��Ér limn→∞ pn = a\�¦ ëß�7á¤���H e��_�

_� Ãº\P� {pn}(éß�, pn 6= a) \� @/�#� limn→∞ f(pn) = b��� �.���s	כ

¤� ÃZ�

=⇒] ¹כ��9) �̧|	�)

(1) limx→a f(x) = b

(ε > 0 s� ÅÒ#Q&�����¦ ���. ) ⇒ ( 0 < |x− a| < δ s���� |f(x)− b| < ε)

(2) ( limn→∞ pn = a ) ⇒ ( 0A_� δ \� @/�#� �����Ãº N s� �>rF��#�,

�̧��H n > N\� @/�#� 0 < |pn − a| < δ ⇒ limx→a f(pn) = b

⇐=] (Ø�æì�r �̧|	�)

(limx→a f(x) 6= b) ⇒ ( &h�{©�ô�Ç ε0 > 0�� �>rF�K�"f #Q*�ô�Ç δ > 0 \�¦ ú̧���

�̧ 0 < |x− a| < δ s��¦ |f(x)− b| > ε0 �̀¦ ëß�7á¤r�v���H x �� �>rF�ô�Ç�� . )

δ = 1
ns��� ���� 0 < |pn − a| < 1/ns��¦ |f(pn)− b| > ε0 s� �)a��. Õª�QÙ¼

�Ð �̧��H n ∈ N \� @/�#� limx→a pn = a s�t�ëß�, limx→a f(pn) 6= b

Ça�h� 31. limx→a f(x) = M,ü< limx→a g(x) = L s��� ���� ��6£§s� $í
wn�ô�Ç��.

(1)

lim
x→a

(f ± g)(x) = lim
x→a

f(x)± lim
x→a

g(x) = M + L,

(2)

lim
x→a

cf(x) = c lim
x→a

f(x) = cM, c��H �©�Ãº,

(3)

lim
x→a

(fg)(x) = lim
x→a

f(x) lim
x→a

g(x) = ML,

(4)

lim
x→a

f

g
(x) =

limx→a f(x)
limx→a g(x)

=
M

L
, ( lim

x→a
g(x) 6= 0, L 6= 0).

UdV� 32.

lim
x→3

(x2 + 2x + 4) = lim
x→3

x2 + lim
x→3

2x + lim
x→3

4.



UdV� 33.

lim
x→3

2x + 5
x2 + 2x + 4

=
limx→3 2x + 5

limx→3 x2 + 2x + 4 .

UdV� 34.

lim
x→1

x2 − 1
x− 1

= 2.

UdV� 35.

lim
x→0

sin x = 0.

UdV� 36.

lim
x→0

sin x

x
= 1.

UdV� 37.

lim
x→2

x2 − 3x + 2
x2 + x− 6

= 1/5.

UdV� 38. (Ãºf�� &h���H���)

lim
x→0

1
x

.

UdV� 39. (Ãºî̈
&h���H���)

lim
x→5+

1
(x− 5)3

= ∞.

UdV� 40.

lim
x→∞

5x− 7
4x + 3

.

UdV� 41.

lim
x→−∞

6x3 + 3x2 − 8
7x4 + 16x2 + 2

.

UdV� 42.

lim
x→∞

4x3 + 5
−6x2 − 7x

.

Ça�h� 43.

z�́Ãº a_� ��H~½Ó\� e����H �̧��H x\� @/�#� f(x) ≤ g(x) ≤ h(x)�� ���. s�M:

limx→a f(x) = limx→a h(x) = L s���� limx→a g(x) = L s���.

UdV� 44.

lim
x→0

x sin
1
x

= 0.

I±Õ ∣∣∣∣x sin
1
x

∣∣∣∣ ≤ |x|.



Ça�h� 45.

limx→a f(x) = bs��¦ , g(b) = c ���¦ ���. s�M: limy→b g(y) = c {9�M:

lim
x→a

g(f(x)) = c

s���.

¤� ÃZ� limy→b g(y) = c s�Ù¼�Ð e��_�_� ε > 0 \� @/�#� µ(ε) > 0 �>rF��#�

0 < |y − b| < µ =⇒ |g(y)− c| < ε

s���. ¢̧ô�Ç limx→a f(x) = bs�Ù¼�Ð 0A_� µ\� @/�#� δ > 0�� �>rF�K�"f

0 < |x− a| < δ =⇒ |f(x)− b| < µ

s���. ����"f, f(x) 6= b {9�M:

0 < |x− a| < δ =⇒ |g(f(x))− c| < ε

s���. 0 < |x− a| < δ��� #Q�"� x\� @/K� f(x) = b {9�M:��H g(b) = c s�Ù¼�Ð

|g(f(x))− c| < ε

s���. (�ÃÐ�¦ : �̧|	� |f(x)− b| < µ s�l�M:ë�H\� f(x) = b�� ÷&��H �©�S!�s� µ1ÏÒqt����

0 < |y − b| < µ �̧|	��̀¦ ëß�7á¤�t� 3lw�Ù¼�Ð g(b) = c����H �̧|	� 7£¤, Õª�QÙ¼�Ð g��

���5Åq�<ÊÃº����H �̧|	�s� ¹כ��9���.)

Ça��+ 46. e��_��Ð ÅÒ#Q��� z�́Ãº K \� @/�#� δ > 0 �� �>rF��#� 0 < |x−a| < δ

s���� f(x) > K �� $í
wn����H�¦̀�	כ

lim
x→a

f(x) = ∞.

e��_��Ð ÅÒ#Q��� z�́Ãº K \� @/�#� δ > 0 �� �>rF��#� 0 < |x − a| < δ s����

f(x) < K �� $í
wn����H�¦̀�	כ

lim
x→a

f(x) = −∞.

1.3 Áþ�ÊÁ�+ ¥o>¢4́

Ça��+ 47. �<ÊÃº f�� a_� ��H~½Ó\�"f &ñ
_�÷&#Q e�����¦ ���. s�M:

lim
x→a

f(x) = f(a)

\�¦ ëß�7á¤���� f��H x = a \�"f ���5Åqs��� ô�Ç��.

f �� &ñ
_�%i�_� �̧��H x \�"f ���5Åq{9�M:, f \�¦ ���5Åq�<ÊÃº���¦ ô�Ç��.



Ça��+ 48. �<ÊÃº_� ���5Åq ε− δ &ñ
_�

e��_�_� ε > 0 \� @/�#� δ > 0 �� �>rF�K�"f |x − a| < δ s���� |f(x) − f(a)| < ε

s���.

ÌÁ�+ 49. cf(c ∈ R), f ± g, fg, f
g (g 6= 0) f ◦ g ��H �̧¿º ���5Åq�<ÊÃºs���.

ÌÁ�+ 50. ���½Ó�<ÊÃº, Ä»o��<ÊÃº (ì�r�̧�� 0 s� ����� °úכ) �Ér �̧¿º ���5Åqs���.

ln x, log x sin y : ���5Åq

UdV� 51. (Ô�¦���5Åq&h�_� ]j��) �<ÊÃº f(x)�� ���5Åq�<ÊÃº�� ÷&�̧2�¤ a _� °ú̀�כ¦ &ñ
�

r��̧.

f(x) =





x2+2x−3
x−1 , x 6= 1

a, x = 1.

UdV� 52.

f(x) =
1
x2

.

Ça��+ 53.

(1) �<ÊÃº f �� >h½̈çß� (a, b)_� y��&h� x\�"f ���5Åqs���� �<ÊÃº f �� >h½̈çß� (a, b) \�

"f ���5Åqs��� ô�Ç��.

(2) �<ÊÃº f �� >h½̈çß� (a, b)_� y��&h� x\�"f ���5Åqs��¦

lim
x→a+

f(x) = f(a)s��¦ lim
x→b−

f(x) = f(b)

s���� �<ÊÃº f �� �̀½̈çß� [a, b] \�"f ���5Åqs��� ô�Ç��.

Ça�h� 54. ÅÒ#Q��� ¿º�<ÊÃº�� ���5Åqs���� ½+Ë$í
�<ÊÃº�̧ ���5Åq s���.

Ça�h� 55. (×�æçß�°úכ &ñ
o�)

�<ÊÃº f�� �̀½̈çß� [a, b]\�"f ���5Åqs����¦ ��� .s�M: f(a) < L < f(b)s���� f(c) =

L s� ÷&��H z�́Ãº c�� (a, b)\� &h�#Q�̧ ��� �>rF�ô�Ç��.

Ça�h� 56. (þj@/°úכõ� þj�è°úכ_� &ñ
o�)

f(x) �� �̀½̈çß� [a, b] \�"f ���5Åqs����, f(x) ��H [a, b] \�"f Ä»>�s��¦ [a, b] \�"f þj

@/°úכõ� þj�è°ú̀�כ¦ °ú���H��. 7£¤ ½̈çß� [a, b] ?/\� ��6£§�̀¦ ëß�7á¤r�v���H c ü< d �� �>rF�

ô�Ç��.

f(c) = max{f(x)|x ∈ [a, b]}, f(d) = min{f(x)|x ∈ [a, b]}

UdV� 57.

f(x) =





1
x , 0 < x ≤ 1,

1, x = 0.
(1)


