3.5 Properties of continuous-time Fourier series

X(t) <""—S>ak Fourier Series Pair
with Period T, Fundamental Frequency @, =27 /T
3.5.1 Linearity

X(t)«>*—a  yt)«Z->b
z(t) = AX(t) + By(t) «2—>c, = Aa, +BDb,
Proof) ¢, = Ti [ 2(tye " dt= % [ [Ax(t)+By (D) " dt

_ A(% jT x(t)e et dtj + B(% jT y(t)e ket dtj

= Aa, +Bb,

Dept. of Electronics Eng. -1- DH26029 Signals and Systems
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3.5.2 Time shifting
X(t —t,) Time Shift
1 — jKayt
b, :?ix(t—to)e dt

— 1 — Jkag (7+1p)
== ! x(r)e dr

e 1 o

=g Jketo = j x(z)e k¢
T T

— o~ ke, a, = o k@Mt a,
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3.5.3 Time reversal

—+00 ] ~+00 )
X(t)= > ae’ =>"ae*@' D then

k=—c0

X(—t) _ Z ake—jk27zt/T

k=—00

b, =a_
X(t)«E—a,

X(-t)«2—>a
X(-t)«E—>a,
X(-t) «E—>-a

9%

fraah

YO =x(-) = aeim
/v m=—o0

o0
_ jm2a/T
= > b.e
M=—o0

if x()iseven. < a_, =a_ (even)
if x(t)isodd.

%
A==l -
\ Dept. of Electronics Eng.
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3.5.4 Time scaling

X(at) = D aelen) (periodicwith periodT /)
k=—o0

3.5.5 Multiplications

X(t)«2—>a,

y(t) «Z—b,

X(t)y(t)«Z—h = ia,bk_, convolution  (Prob. 3.46)
|=—0

5 Dept. of Electronics Eng. -4~ DH26029 Signals and Systems



3.5.6 Conjugation and conjugate symmetry (Prob. 3.42)
X(t)«Z—a,
xty«*-»a,
If x(t) is real, i.e., X(t) = x (1), Ea—k =a, (conjugate symmetric)

T T
|

If x(t) is real and even, then a, =a_ and a, =a_, S =a,
If x(t) is real and odd, then a;, =a , and a, =-a Soa =-a

3.5.7 Parseval’s relation for continuous-time periodic signal

= j | (1) |? dt = Zlak (Prob. 3.46)

k=—o0

—I |a el |2 dt== I |a, |* dt=|a, |*: average power in the kth harmonic
component of x(t)

\}

‘h%

' Dept. of Electronics Eng. —5— DH26029 Signals and Systems



Periodic Convolution

[ x(@)y(t-7)dz «=>Tab,

Differentiation

dX(t) s
dt

: . 2T
> [Kw,a, = jk?ak

Integration

f X(z)dr (finite valued and periodic only if a, = 0)

S 1 1
—= | - a, =| - a,
[]ka)oj (]k(Zﬂ'/T)j

R
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x(1) 1
- k=0

S RN DR B CSEE {H

5 -7 -7 _i "1 T
0, =" T=4T,=1 2 “
=

Ex. 3.6) x(t):

gt}
d, :1_.'0 (_ Eje‘jka’otdt+1rle‘j"“’°tdt
| 4J-2\ 2 470 2
o 1 1 2 ! 2 72-
3 — 0)0 — T 5
4 2
g(t) =x(t—1)—1/2 ae ™2 fork=0]
o amjkagty o k2 d, =1 &
b, =6 K — g, Tla-t k-
(0, for k=0] - ) \
N > sin(kz/2) o Jkel? for k = 0
“ |-=, fork=0 do=y krz >
| 2 J 0 for k=0
\R ' Dept. of Electronics Eng. —7- DH26029 Signals and Systems

4‘&4



gith

Ex. 3.7)
z(t) - ]
1 -2 1 71 1 2 t
_ N p kot
7 5 : Z(t) = kZ €¢e
i—_j._io t —ikant i"j._iz t —ik ©
e == |——e N dt +=/| e ¥'dt _ janot
4 2 2 9(1) = 2.de
Differentiation of the current signal results in the signal of the Former example
dz(t
g(t) = ( ) < d, = Jkae, = Jk(7/2)e,
1
ek _ 2dk 25|n(k72'/2) —jkz/2 ’ k =0 and eo _ -
jk72' j(kr)?
(\?\‘t Dept. of Electronics Eng. —8- DH26029 Signals and Systems



Ex. 3.8)

x(t}

X(t) = ia(t —KT)

)

T/2

8 == [t dt = 1
T -T/2 T
X(t) _ Z Tlejk(oot
k=—c0

q(t) =x(t+T,) —x(t-T,)

_ i bke Jkapt

k=—0
g(t)= D el
K=—o0
bk _ ejka)oTl ak _e—jka)OTl ak
b = JkoCy
b
Ck — — k
Jkay,

: Dept. of Electronics Eng.
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3.6 Fourier series representation of discrete-time periodic signals

3.6.1 Linear combinations
of harmonically related complex exponentials

Discrete-time Periodic Signal
X[n]=x[n+ N]

For the continuous-time periodic signals
X(t)=x(t+T)

+00 +00

X(t) _ Z akejka)ot _ Zakejk(Zﬂ/T)t
k=—00 k=—00
As for the discrete-time signals

400 400
x[n] _ Z akejka)on _ Zakejk(Zﬂ/N)n

K=—o0 K=—o0

3 N

5/ Dept. of Electronics Eng. —-10- DH26029 Signals and Systems
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Harmonically related signals

p [n] =" = TNk =0.4142, .

AN = e [N] € ] =177 — it _ ghaniecion _g
dn[n]=@oLn]

In.aln]=a[n]

X[n1=Y afn]=> ae’" => aekm"
k k k

It 1s sufficient to include
N harmonic components.

= Y agdnl= > aeke = Saekem

k=<N> k=<N> k=<N>

5 Dept. of Electronics Eng. -11- DH26029 Signals and Systems



3.6.2 Determination of the Fourier series representation of a periodic signal

x[0]= > ael@r/N0 k=<N>
k=<N>
k=021---,N-1
X[]= > aelE M
k k k=12,--- N
=<N
o k=23 N+1

_ jk(27/N)-(N-1) " ik(2x/N)n
X[N-1]= > a.e x[n] =Y a ek
k=<N > k=0

Jjr(2z/N)n

Multiplying both sides by e~

Zx[n]e—jr(Zﬂ/N)n _ Z Zakejk(Zﬂ/N)ne—jr(Zﬂ/N)n: Z Zakej(k—r)(Zﬂ/N)n

n=<N> N=<N> k=<N> Nn=<N> k=<N>

_ Z a, Zej(k—r)(sz)n

k=<N> n=<N>

and summing over a period

— —~ U
?
3 enenn _ N, k-r=0£N,+2N,..
N> 0, otherwise
O %
¢ 5] Dept. of Electronics Eng. —-12- DH26029 Signals and Systems
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Problem 3.54 Show that

Zej(k_r)(Z”/N)n _ N, k—r:O,iN,iZN,...
0, otherwise

n=<N >

) k—r=mN for m=0, +1, +2, etc.

1-ep[ik-nN%N]_,
1-exp[j(k —r) %]

> e[j(k-r)%n]-

i) K—r=mN
Z_:exp[j(k—r)%n]ziexp[ij -%’-n]
n=0 n=0
N-1
= exp[j2z-mn]=N
n=0
N-1
> expli(k—r)2n]=Ns(k—r—mN)
n=0

¢/ Dept. of Electronics Eng. -13- DH26029 Signals and Systems
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Discrete Fourier series pair

JKw, jk(27z/N . ]
xinl= > ae™" = > ael®™" | qnthesis equation
k=<N> k=<N>
1 — jkwgn 1 —jk(2z/N)n - -
8 = D x[ne =N > X[nk analysis equation
n=<N> n=<N>

{a} Fourier series coefficients of x[n]

or

Spectral coefficients of x[n]

x[n]=a,gy[n]+a@[n]+....+ay 10y 4[N]
x[n] =a@[n]+a,¢,[n]+....+ay gy [N]

d, =&, y=> a, is also a periodic sequence

5 Dept. of Electronics Eng. -14- DH26029 Signals and Systems



Ex. 3.12)
1
-N -N, 0 N, N n
+N; _ o
ak :i Ze_lk(Zﬂ/N)n N :iejk(Zﬂ/N)Nl 1—e Jk2-(2N1+1)/N
N 2=, TN 1_ e kex/N
2N o Y e
a, :iie_jk(Zﬂ/N)(m_Nl) 1l j-k(2 /2N) (o k2 (l.\11+1/2)/N e j-k2 (N, +1/2)/N
N m=0 N e_Jk(ZH/ZN) eJk(2”/2N) _e—Jk(27Z'/2N)
1 sin[27k(N, +1/2)/ N]
L Qo == : k#0,+N,+2N,...
:Ne jk(27r/N)lee jkK(27z/N)m N Sln(7z|(/N)
m=0
2N, +1
a, = Iil , k=0,+N,+2N,...
\?(ﬂ En‘o
-15- DH26029 Signals and Systems
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Plots of Na,

08I A A

@ N =10
m m m I LU LA D | m T LI
® N = 20

J m MY _4 0 4 g 7 LLLL

k

© N = 40

5 | Dept. of Electronics Eng. —-16- DH26029 Signals and Systems
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Partial sums for the periodic square wave

xInl M=1
MAJHJLM S g, el
— J T n .
-18 -9 0 9 18 n X[n] _ Zake N : Odd
@ k=—M
X[n] M=2
HMMUMM el ik(27/N) N
-1 -9 0 8 n f— J 4 n . even
B ®) * X[n] Zake
S M=3 k=—M+1
-18 -9 (2) 9 18 n gS ‘ | -
o -t X[n] < > @, : equivalent set
—18 -9 0 9 18 n

Any discrete-time periodic seq. x[n] is completely specified by a finite
number N of parameters

/IE} Dept. of Electronics Eng. -17- DH26029 Signals and Systems



3.7 Properties of discrete-time Fourier series
x[n]«£—>a,

_______________________________________

x[n]y[n]«*—d, = D> ab,, :periodicconvolution

________________________________________ I=<N>
3.7.2 First difference
1 )
—jk(27/N)n
a,=— 2 x[n]e”
N n=<N>
1 jk@einyn _ L Cjkieriny: —jk(27/N)(n-1)
bk - Zx[n—l]e ] :Ne keI X[n_l]e J
n=<N>

_______ n=<N>
—e Jk:(_szf_’\leak

x[n]—x[n-1]<«E—>a (1-e V)

@
g 5| Dept. of Electronics Eng. _18-
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3.7.3 Parseval’s relation to discrete-time periodic signals

Z [X[nIf= > lay [

n=<N > k=<N>

Dept. of Electronics Eng. -19- DH26029 Signals and Systems




3.7.4 Examples

Ex. 3.14)

--annHlnHI

x[n]

&
w L4

0 n

--HHIIHHHIIH

S E_n“’i
/ \R
\S g
2 /ﬁ’
‘fr,ONM\)

{c)

‘m;m”m_";‘"i--

2[]

b, =1

x[n] = x,[n]+x,[n]

%Zi;x [n]=1

5"‘_(3k”/5) for k =0, +5, +10,...
5sin(kz /5)
g for k:O,iS,ilo,---

¢/ Dept. of Electronics Eng.
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Example 3.14

1. x[n] is periodic with period N = 6.
S 1
2.§x[n]:2. ) a, =3

3. 27:(—1)” x[n]=1.

(_1)n _ e—j;zn _ e—j(27r/6)3n ||- a, :%

4. X[n] has the minimum power per period. im=) a =a,=a, =3a, =0

x[n]=a, +a,e’”™
1 1
==—+=(-1)"
2 6( )

5 Dept. of Electronics Eng. -21- DH26029 Signals and Systems




3.8 Fourier series and LTI systems

H(s)= j_:h(r)e‘STdr H(s),H (z):systemfunctions

H(z) = ih[k]z-k

k=—o0

H(jo)= I_Z h(t)e ™dt H(jw):frequencyresponse

glen. input h[n] : impulse response of the LTI system

- S-S
= ez"_“j”oH (e') o

H(e'”)= > hlkle** :frequencyresponse
k=—00

g | Dept. of Electronics Eng. —22- DH26029 Signals and Systems
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X(t) = Zakejka}ot > y(t) = Zak H (jkwo)ejka)ot

k=—o0 kK=—00
Ex. 3.16)
+3 _
x(t)=> ae’ (a,=la =a, =1,a2 =a, =1,ag =a, :l)
k=3 4 2 3
h(t) =e~"u(t)
: o | 1 o] 1
H =| e"e 1 dr=- e el =
(Jo) Io ‘ 1+ jw 0 1+ jw

5/ Dept. of Electronics Eng. —23- DH26029 Signals and Systems



3
y(t) = > beX** withb, =aH(jk27)
k=—3

b, =1
b1:E 1 ) b_1: 1
4\ 1+ |27 — |27
b2:1 1 y b_zzl 1
2\ 1+ j4r 2\1- j4x
b =

o 11 1 1
° 3l1+jer ) ° 3li1-jéx

Since by =b,, y(t)=h, +22Re bee'”* |

NP
H

3
y(t) =1+ 22 D, cos(27kt+6,) or y(t)=1+2>[E, cos 2zkt—F, sin 2zkt]
k=1 k=1

where b, =D, e'* =E, + jF,

1
ex) D, =b|le———=—", 6 =2b =—tan(2x)
O a4 T
1 T
E =Refb}=——  F=Jmfbl=——7"
1 = Relbi} A1+4r%) AL} 2(1+477)

5 Dept. of Electronics Eng. —24- DH26029 Signals and Systems




Ex. 3.17) Discrete-time system

v[n] = Zak H (ej(Zﬂk/N))ejk(Zﬂ/N)n

k=<N>

h[n] =a"u[n]

X[n] — COS(ijnj — Eej(Zﬂ'/N)n 4+ le—j(Zﬂ/N)n
N 2 2

H (eja)) _ iane—ja}n _ i(ae—ja))n
n=0 n=0

1

H(e'?) = .
&™) 1—ae™”

5 Dept. of Electronics Eng. —25- DH26029 Signals and Systems



y[n] — % H (ejZﬂ'/N)ej(Zﬂ'/N)n +%H (e—jZﬂ/N)e—j(Zﬂ/N)n

1 1 | 1 .
:E(l—aejz”mjej(z h +§(1—aejz’”N)e o

If we let 1_ —rel?

y[n]=r- cos(%ﬂ n+0)

Dept. of Electronics Eng. —26- DH26029 Signals and Systems




The output of the sinusoidal input for LTI systems

x[n]=e' 7" = cos(2—7Z knj y sin(z—jZ knj
N N

—p Y[n]=H(E'"*). eV

HE™ = h[n]-exp[‘ izﬁﬂk”

27y

- y[n]=[H(e™ )exp[ja:H (e"ZN”k):-exp{jZWﬂkn}

=|H (") exp[ j(% kn + 2H (ejzﬁ[k)j}

_ ‘H (e"zN”k)‘cos %kn + AHE'™

%kn+4H(ej2N”k)

—27- DH26029 Signals and Systems




The output of the LTI systems using Fourier series

X(t) = Zakejka}ot ||- y(t) — iakH (jka)o)ejka)ot (CUO _ 2T_7Z'j

k:—OO k:—OO

x[n]= Zakejk%n =) Y[n] = Zak H (4“0 )g keon (wo — Z_ﬂj

k=<N> k=<N N
x(t) = Acos(awyt + 0, )ummd y(t) = AH (jay,)|cos|apt + 6, + ZH (ja,)]
x(t) = Asin(a,t + 6, ) m=d y(t) = AH (ja,)|sin[at +6, + ZH (jay)]

x[n] = Acos(,n + 6, )= yIn]= AlH (e"**)|cos|a,n + 6, + ZH ()]
x[n] = Asin(w,n + 6, )m==> y[n]= AH (") sinfwyn+6, + ZH (')

where H(e!*)= Y h[nle ™, H(jow)= j_wh(t)e‘j”‘dt

£

5\ [28e] g& Dept. of Electronics Eng. -28- DH26029 Signals and Systems
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3.9 Filtering

_________ -

y(t) = ZakH {jkwobejkwot

k=—00

Filter

3.9.1 Frequency shaping filter

Change the shape of the spectrum
Ex: Equalizer

Bass control
Treble control

3 N

Response (dB)

Response (dB)

Response (dB}

S I e T T T T T 77
+20 b i

115 | Switch position 1 ﬁ

+10 =

+5 —
0+ Switch position 2
-5 —
—10 =
15 I S I | il L I I I |
20Hz 3040 B0 100 200 400 600 1kHz 2 34 8

Frequency
(@

+25 T T T T T T T T T T

+20 |- Upper limit .

+15

Lower limit

-15 | - 1 l 1 1 | Li )
20Hz 30 40 60 100 200 400 600 1kHz 2 34 6 810 20

Frequency

(b}

+25 T T T T T 1 T 7
+20 | _
+15
+10

-15 1 &
20Hz30 40 60 100 200

111 1 | I I | )Y W I W |

400 600 kHz 2 34 6 810 20

Frequency
&

8\ [ate] 5 Dept. of Electronics Eng.
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Differentiator

| Hijew) |
dx(t)
y(t) =——
dt
H(jo) =)o
l I H(jm)
- highpass filter
%
Ex.) Figure 3.24, page 235
COS at — —w Sin wt = @ cos(wt + %) 2

sin wt — @ cos vt = w Sin(wt +%)

g -EE |5 Dept. of Electronics Eng. -30—- DH26029 Signals and Systems
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For Discrete-time systems
yIn] =x{n] - x[n—1] H(e) =1-e ¥
— e—ja)/Z (eja)/2 . e—ja)/Z)

X[n]=sin on N |
- =2jsin(w/2)e "

y[n] =sinon —sinw(n-1)

= Zcos(a)n—ﬂ)sin(ﬁ) l
2 2 Highpass filter

Edge detection

s/ Dept. of Electronics Eng. DH26029 Signals and Systems




For Discrete-time systems

y[n] = % (X[n]+ x[n—1]) e

In frequency domain

I H(e™)
4n/2

H (€M) = %[1+ e "] = 6 2 cog(w/ 2)

N
X[n] =sinon

y[n] = %(sin wn+sinw(n-1))

In time domain,

=sin(on—w/2)cos(w/2)

+ w2

{B)

Lowpass filter

o 3

&L \’,v@
E'/E\l'?:' Dept. of Electronics E ~32-
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3.9.2 Frequency selective filters

Hiek)

Stopband

il

Lowpass filter

DH26029 Signals and Systems

e & ¢ > 0 2 ¢ T" 2w
(a) K |
_ | Passband
H{e"
| Highpass filter
| [ |
—2w T ™ 2w
{b)
H(ei®)
1 | . | Bandpass filter
—om I gl 21
O & (C}
@% Dept. of Electronics Eng. —33-



3.10 Examples of continuous-time filters described
by differential equations

u - (e
MWW
R
vy () (_) C =; volt) "/\
—1=fRC 0 1/;:10 w
(@
: 1
H(Jo)=——1—
1+ RCjw

1
h(t) =——e " u(t
(t) C (t)

%

SN
l§ Dept. of Electronics Eng. -34- DH26029 Signals and Systems
rjoih\y



For the voltage across the resistor R

|Gi{jea)

G(jw) = 2 e
1+ jWRC -1/RC (Za) 1/RC w

Dept. of Electronics Eng. -35- DH26029 Signals and Systems




3.11 Examples of discrete-time filters described
by difference equations

3.11.1 First-order recursive discrete-time filters

yln] =ay[n—-1]+x[n]
yln]—ay[n-1]=X[n]

H (e jW)ejwn _aH (e jW)ejW(n—l) _ ejwn
1-ae ")H(eM)e!"" =eM"

1
(1—ae™ ")

H(e") =

\ Dept. of Electronics Eng. 36—
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[ Hiei) |

O<a<l1 \/L -1<a<0 /\‘j\

—T ™

< Hiel*)

—r ’Tl'\—u)
h{n]=a"u[n] s[n]=u[n]* h[n] : step response
H(e'”)=1+ae ' +a%e* + _1-a” u[n]
1 1—
1-agele

5 Dept. of Electronics Eng. -37- DH26029 Signals and Systems



3.11.2 Nonrecursive discrete-time filters
M
y[n]= > _bx[n—kK] Moving Average
k=—N

x[4], x[3]. x[2], x[1], x[O]

ho hy h,

\

y

Impulse response {1/3, 1/3, 1/3} ?y[n] FIR system (filter)

y[n] = %(x[n ~1]+ x[n]+ x[n+1])

y[n] = %(x[n] +x[n-1]+x[n-2])

5 Dept. of Electronics Eng. -38- DH26029 Signals and Systems




H(e!®) :%[ej‘“ +1+e 1] :%(1+ 2C0S®)

3

= le‘ja’(ej‘" +1+e71)

=%e‘ja’(l+ 2C0S®)

{ho, hy, o} = {174, 1/2, 1/4}

H(e?)= T4 telv 4 Zgizo _go)
4 2 4

= %e"“’(l+ CoS @)

\}

4‘&4
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1 M
nl=NTm +1k;NX[n_k]

. 1 Mo
H(e!?) = g e
) N+ M +1KZ:‘\|

1 e—ja)[(N—l\/l)/Z] Sln[a)(l\/l + N +1)/2]

HE™) =< _
+M +1 sin(w/ 2)

5/ Dept. of Electronics Eng. -40- DH26029 Signals and Systems



{H(e')|

iH(e")|

M =N =32
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X[n]—x[n—-1]

y[n] = H(e!?) :%[1—e‘j“)] = jel??sin(w/ 2)

2
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