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LINEAR TIME-INVARIANT SYSTEMS
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2.0 INTRODUCTION

* In continuous time, linear time-invariant systems are rare.
* In a short term viewpoint, these assumptions are permissible.
* In discrete time, theses systems can be constructed (e.g. implemented
in a digital computer).
Linearity : Superposition Property
If an input can be represented by a linear combination
of basic signals, the output can also be represented by

the same linear combination of outputs corresponding
to the individual basic input signals.

Time-invariance : Shift-invariance
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2.1.1 The representation of discrete-time signals in terms of impulses

Given an input sequence X[N]

(x[-1] n=-1
| 0 n+-1
(X[0] n=0

0 n=z0
(x[1] n=1

0 n=l1

X[~116[n +1] =

X[0]o[n] =+

X[1]5[n —1] = -

\

X[n] =---+ X[-2]o[n + 2] + X[-1]o[n + 1] + x[0]o[Nn]
+ X[1]o[n -1] + x[2]6[n— 2] +- -

e 0]

X[n]= Z X[k]o[n —K]; sifting property of the discrete-time unit impulse
- (Fig.2.1, Page 76)
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2.1.2 The Discrete-Time Unit Impulse Response and
the Convolution Sum Representation of LTI systems

Let h, [n] be the outputof thellinear |systemcorresponding to
theinput o[n—Kk]

o0

xn]= > x[k16Tn—k] = y[n]= 3 x{kIh,[n]

k=—00 k=—00

For aftime - invariant pystem,h, [n] = h,[n—k] =h[n—k]

yin]= > xk]h[n—K] : Convolution Sum

k=—o0

y[n]=x[n]>h[n]
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Example 2.3 X[n]=a"u[n] , lal<1
h[n] =u[n]
x[n] = «"u[n]
||]]]II]I]IIITII!:1
O L
0 (b) - n
y[n] = Z(a u[k]) uln—k] = Za . 1-a™ for n>0

o (04

:Graphical interpretation (Fig.2.6, Page 84)
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y[n] =| ——— |uln]
l-a
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yln] = ( ) uln]
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] 1, 0<n<4 hin] a", 0<n<6
Example 2.4 X|nj = . = .
P 0, otherwise 0, otherwise
292 9°%°FY x[n]
—2 1
—— - — 0 —0—0—0—0—8—0—0——
012345 n
@
* hin]
|
01234567 n
(b)
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Example 2.5  h[n]=u[n] x[n]=2"u[-n]

1
Forn>=0 v 16

[n]_ZX[k]h[n k]_ZZ"u[ KJu[n-k]= sz

T

pror— M| &

e ol—
-8 S

- @ @ L

|
l x[k] = 2u[—K]
0

|
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s =
=

_ZU - (1/2) = 0

Forn<0 20 ¢ 4 4
yinl
1
[n]_k;ox[k]h[n k]_22ku[ KJuln— k]_k;oZkl g : l
&1 . ---11621]
_ _ 9N o _ o0+ % 2 1 o 1 2 3 :
-(3) &f3) -7 2
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m = —k
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2.2 Continuous-time LTI systems : the convolution integral

o(t)
o(t—1)

[ x(@)s(t-7)dr

T

h(t)

— LTI System [— h(t—7)

Sifting property of the continuous-time impulse

the value of the functiorjevaluated at some point

a delta function

with a sterngth

equal to the value of x(t) evaluated att =t, v\

cf) Sampling property: x(t)o(t —t,) = X(t,)o(t —t,)

[ x@)h(t-7)dz
j"‘; X(t)S(t —t,)dt = x(t,)

x() = [ x()8(z-t)dr

=" x(z)s(t-7)dr

8
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2.2.1 The representation of continuous-time signals
In terms of impulses

x{t)

L]

i, 0<t<A
o,(t)=7A
0,  otherwise
X(t) = Z X(kA)o, (t—KkA)A
k=—00
X(t) = IA"T(]) Z X(kA)S, (t —kA)A
Y k=—o0

Xt)=[ x(z)s(t-r)dz

R
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2.2.2 The continuous-time unit impulse response and the convolution
integral representation of LTI systems

ﬂ x(kA)
KA t

0

0

G
X

//\_/@

u}

A
xOhgliA

A
x(ah,a

[~

kAP mA

3

SN

AS

¥

AA'AN

Rt = 3 x(kA)S, (t—KA)A

Linearl K=o

It = 3 x(kA)h, (A

k=—o0

y®)=lim fx(kA)hkA(t)A

A—0 k=—w

y() = x(z)h, ()~

system h (t) =h(t—7)

For an UT

y() = x(z)h(t—z)dz

y(t) = x(t) *h(t) ; convolution integral
or superposition integral

\}

4‘&4

l’t Dept. of Electronics Eng.

-12- DH26029 Signals and Systems



Example 2.6  x(t) =e *u(t), a>0

h(t) =u(t)
h{r)
| y) = 3 (1 &l
.
0 . a
x(7}
1 &
0 T
h{t—1) 0 ,
1
t<0
t o - Note) step response of an LPF,
Pt when h(t) :input,
t>0 X(t) :impulse responseof an LPF
T O % 0 t T
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1 O<t<T

Example 2.7 X(t) = h(t) = L, O<t<2T

0, otherwise 0, otherwise
x(r}
1
0T T
hit—1)
2T x(ryh{t—1)
t<0
o<t<T
7 t 0 © t
t-2T
0t T
hit—) y(t)
(a)
21
0<t<T
N\ x(hhit—1)
VAL 3
t-2r 1 T<t<2T
=T
hit-) T .
27
T<t<2T {b) | i
m 0 T 2T 3T t
0 t T
t-2T x{z)hit—m)
2T
hit—=) t-T 2T <t < 3T
2T }:h
R 2T <<t =< 3T T 3
t-2T
[v] t T
N ©
hit—1)
o1t
[\ t> 3T
0 / t T
11— 2T
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