Chapter 9

The RLC Circuits

9.1 The Source—Free Parallel Circuit

9.2 The Overdamped Parallel ALC Circuit

9.3 Critical Damping

9.4 The Underdamped Parallel ALC Circuit

9.5 The Source—Free Series ALC Circuit

9.6 The Complete Response of the ALC Circuit
9.7 The Lossless LC Circuit
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* t

- v 1 dv
fT E+—jvdt’—i(t0)+C—=0

Assume solution :

L dt
R§ Lé C 7= fo
d’v 1dv 1 v = Ae™
| CCe T Rae T
Second-order
1 1 1 1 homogeneous
- CAs%e’t + EAseSt + ZAeSt =0 - AeSt (CSZ tost Z) =0 differential
equation
- A st Cd2v1 ldv, 1 _ o
s =_L+\/(L) L n=het 2 b TR LT
1 2RC 2RC LC
2 = A,eS2t Cdzvz ! dvz 1 =0
s =_L_\/<L) L Ve =M™ = O YR o2 T
2 2RC 2RC LC

Real or Complex numbers

dz(v1+v2) N 1 d(v1+v2) 1

c - =0
= dt? R dt L (V1 +72)

v(t) = v, + v, = AjeS1t + A,e52t

3| 20|2-1 2013123%t7| 0|2 A



9.1 The Source-Free Parallel Circuit

« Definition Terms

. T 1 s : real numbers of complex conjugates
S=—55=% - PR
2RC \/(ZRC> LC unit: sec™" : frequency
1 ! ’ 2 S = AeSt = Ae T
= — = — I 2 _
¢ 2RC @o VLC -0 at e “o + [a2-w3
= Ae %e” °
exponential resonant complex frequency
damping frequency
coefficient
a>wy > /az — wi > 0 = s: real roots overdamped response
a=wy— /az — w3 = 0 = s: multiple real roots critically damped response
a < wy— /az — w3 < 0 = s: complex roots underdamped response
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9.1 The Source-Free Parallel Circuit

Example 9.1 Determine the resistor value for overdamped and underdamped responses.

v

i1 ‘= 0:L
2RC VRC
RS 10mHS 100 uF ==
1 1 .
©o= == [H0x 105100 x 10-6) _ 10 rad/s
. 1 3 1 —
overdamped case: a>w, - ﬁ>10 :>R<2><103><100><10‘6_5Q

underdamped case: R >50Q
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9.2 Overdamped Parallel RLC Circuit

o Overdamped parallel RLchcwt

1 1
> = >
®= @ = S5rc” VI

Jaz —wy < a
= (—a —Ja?— wo) < (—a +Ja? — wo) <0 v(t) = Aje51t + A,e52t - 0
t—oo t—oo

S1 S2
The constants A; and A, are determined by the initial conditions.

= LC > 4R?*(C? S1,S2 : negative real number

v . dv
TR ) v(0)=0V,i(0)=104  ic=C_
I L
R i C t ” dv lC(O) ir(0) +i(0)
60 7H LF = v(t) = Are™" +Aze” Tt |t o C ¢
10
v(0)=A, + 4, =0 =T=420V/S
ma 42
1 1
P =3.5s71, dv t -6t dv =
2RC 2><6><% ar - e oA = ELO ~h o4
1 1 651
Wn = = = s 7, = - -
o= — A0 = A, = 84,4, = —84
42 —A; — 6A, = 420 b _ -
s =-1,5, =—6 ! 2 ~v(t) = 84(e t—e 6t)
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9.2 Overdamped Parallel RLC Circui

v(1) (V)

A v

B Ti 1(0)=10 A
80 [T 2(0) =0
1\ 6 () 7H lr = a=35
60 -\ wo =6

Overdamped

40 -

5 4'1 > 1 (5)
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Example 9.2 Find an expression for v(t) for t >0.

W 1 1
*= ZRC ~ 2% 200 X 20x10°° = 125,007
150 V Cﬁ) = 5 wy = N N AT A=l 100,000 rad/s
; l‘_)(;]g lc —:Cl . a > wq: overdamped response
5 mH % 200 Qg 20 nF =< y_C 5 = —a + \/ng — 50,000 5_1,

o S, = —a — /az - (1)(2) = —200,000 S_l;

w
=

s
b
)
]
o
]

— 20 nF = vo(t) = Aye~50000t 4 4 o=200000¢
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9.2 Overdamped Parallel RLC Circuit

Example 9.2 contlnued

300 ) ve(t) = Ale—50000t +Aze—200000t t>0
—AMA—
(07) = 150 034
150 V C) W) T T300 4 200
= 1,.(07) = 200 150 = 60 V
| velP ) =300+ 200 7
i;(07) +) — —
L l 200 O yC(()_) = Uc(o ) A1 + Az 60
o — de
e =% ar
R dvc _ ic(07) _ —ig(0%) — i, (07)
dt lt=o0* C .\ C
v-(0 60
_ - CZ(OO)—(—O.?,)_ 500 T 0-3 0
} iR(0%) }ic(0) B 20 X 10~9 T 20%x 1079
1 (0%) =i, (0" 200 Q) Y 0-(0%) = 0-(0"
i )=‘_L(§,3)A D <> e )=68(v) ~ —500004,; — 2000004, = 0

= A, = 80,4, = —20
vc(t) — 808—50000t _ zoe—ZOOOOOt V, t>0
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9.2 Overdamped Parallel RLC Circuit

Example 9 3 Express ig for all time
N 2 kQ 12 mH 1 1 833 % 106 5-1
. " a = = = 8. S
gl Ll 2RC 2% 30 x 103 x 2 x 10~ 12
4V<+> t=0 ’Rl 30kQ == 2pF Wy =L= ! = 6.45 x 10° rad/s
- VLC V12 x 1073 x2 x 10712
l . a > wy: overdamped response
k] s; = —a+ ’az — wj = —3.063 x 10° 571,
i (07) X S; = —a— /az — w§ = —13.60 x 10° 571
4V iR(07) l 30 kQ e (00)
t < O = Let lR(t) == Aleslt + Azeszt
4
ip(07)=i,(07)=———==125%x10"°%4 - v:(07)=(30x10%)(125%x107%) =3.75V

32 x 103
lR(t) = Aleslt + Azeszt = lR(O+) = Al + AZ =125 X 10_6 o Uc(o_) = Uc(0+)

dve  dvc ic(0%)  —ig(0%) +i,(0%)
Uc(t) 30k X l’R (t) lC dt - dt t=0+ C C
t>0 X ~» —3.063 X 10%4; — 13.60 x 10%4, = 0
ip(0) l e .
125x 107" A t<0
i (0+) + v (0+) ,

= 125 uA CD . <—> =375V ip(t) =41 161.3 x 106 ~3:063%x10° 0

—36.34 X 106 —13-6x10°t A t >
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9.2 Overdamped Parallel RLC Clrcwt

Example 9.4 For t>0, iqt) =2e2t- 4e t A Sketch the current 0<t<5s and find settling time.

B

ic(t) (A)
A

.-

ic(t) =2e 2t —4e7t A

Maximum current: i.(t,, =0) =—-2A4

Settling time : 10% of maximum value.
ic(t;) =2e %t —4e7 s = —0.02

t, = 5.296 s




v(0)=0V,i(0) =104

(8.57 Q)

U(O)=O+A2=O—>A2=O

dvc de

L v e el

_ic(0) ig(0)+i(0) 10

C C

# Ay = 420

v(t) = 420te Vot v
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9.3 Critical Dampin

v(t) =? v(t) = Ajte % + A,e™*
v(t) = Aje Vol 4 A, e~ V6t ? = A te V6t 4 A, eVot
dv

= _\/gAlte_\/gt + Ale_\/gt = Al

(1) (V)
J

80

60

40

11



9.3 Critical Dampin

Examp|e9.5 Find R, such that the circuit is critically damped for ¢>0 and R, so that v(0)=2V

Att =0
R, v(07) =5(R; | R,) = 2

2
Su(-1) A T) 1nF == v »—X._.. - (R1 [ Rz) = g =040

4H§ §R1
Att > 0: soure off, R, isshorted
N ¢ 1 1
a —_ —_—
2RC ~ 2% 10~°R,
! ¢ = 15,810 rad/
Wy = = = 15, rad/s
T VIC Vax10-°
t>0
* For critical damping case
I nF =< v Y
a = (UO
1
4Hg §R1 R, = =31 Q
=R = o T09 x 15810 o103k
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9.4 The Underdamped Parallel RLC Circuit

v(t) = Aeit + Ayet 55, = —a+ /az — w3
a < wg ’az—a%:\/—l /a)g—cﬂ:j /a)g—cﬂ:ja)d imaginary

U(t) — Aleslt _l_AZeSzt — Ale—a+ja)d _I_Aze—a—ja)d — e—a(Alejwd+Aze—jwd)
v(t) = e (A e/ ¥4+ A0 ?d) = e [A;(cos wy + j sinwg) + Ay (cos wg — j sinwy)]

=e *[(A; + Ay) coswy + j(A; — Ay) sinwy] = e % (B, coswy + B, sinwy)

1
0)=0V,i(0)=104 =257 W= —====Vbrad/s

v(0) = ’l'()— 2 X105 X 7 7 %

it +

10.5 Q g 7Hé é Fo=y Wa= (U(Z) —a? = \/Erad/s v(t) = e 2Y(B, cos V2t + B, sinx/ft)

42

: v(0) =B; =0 - v(t) = e 2B, sinV2t
dv dv (0 10
ic=C— - —| = \/2B,e 2t cos V2t — ZBze‘Ztsin\/Zt| =+/2B, = (o) _10_ 420
dt dt lt=0 t=0 C 1
42
s By = 210V2 - v(t) = 210v2e %t sinV/2t
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9.4 The Underdamped Parallel RLC C|rCU|t

Graphical Representation of Critically Damped Response

v(1) (V)
v(t) = 210V2e 2t sinV/2t A )
Um iT =
80
: / : \ — / 1050? 7THY L F==v
decreasing nature  oscillating nature = 42 )
V2t =nt - v(t) =0, 40 )
nm Dampin 20
t==ov(t) =0 PINg
V2 Oscillation!! | L =
o[ 1 2 A 3 4 0
180U s S s e e L . AN s e S S v
20} L
Underdamped (R = 105 ohms)
,,__/ Critically D d (R = & 57 ohms) . e .
VR o . The Role of Finite Resistance

N\
SeU+ ‘\3\ Overdamped (R = © ohms)

il

_zau M " i " I L L L " l i L i L I M L
0s 1.8s 2.8s 3.0s 4.0s
O e o WE1:1)
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9.4 The Underdamped Parallel RLC C|rCU|t

Example Determine i(t) and plot the waveform

wWwo =

= 4.899 rad/s
VLC /

a < wy = underdamped

wy = /a)(z, — a2 =4.750rad/s

i, (t) = e 1%Y(B; cos 4.75t + B, sin4.75t) t >0

i (07) = 100 o 20274
WY T e 1000 T ©

(07) = (48 || 100) x 3 = 48 x 100 . _ 97207V
vell )= ~a8+100° " "
i,(07) = i;(0*) = B, = 2.027 A

dip(0%) dip (0%)

0t) =L =10
vc(07) dt dt

di,(0Y)  v.(07) we(07) 97.297
- = = = =

dt 10 10 10

3u(=1) A D

_Fr-_\

240

10H

-+ ‘ltC l‘l’ll‘
e == 240F EIOH
. >0 ]
t <0 lic
Py 48 Q

{ir

100 Q)
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9.4 The Underdamped Parallel RLC Circuit

i, (t) = e 12Y(B; cos 4.75t + B, sin4.75t) t >0

di
d_tL = e 12t(—4.75B, sin 4.75t + 4.75B, cos 4.75t) — 1.2e " 12¢(B,cos 4.75t + B, sin 4.75 t)
di,

= 4.75B, — 1.2B; = 4.75B, — 1.2 X 2.027 = 9.73
dt lt=0

9.73 + 1.2 X 2.027
=B, = 4.75

= 2.5605 () (A)
A
3.0+

i (t) = e 121(2.027 cos 4.75t + 2.5605sin 4.75¢t)
20

15

10

05

0

0.5

-1.0

SLSE L L L L L Ly )
0 02 04 06 08 1.0 12 14 16 18 20




9.5 Source-Free Series RLC Circuit

- C di 1 [
I ik L_+Rl+—fldl,—vc(t0)=0
dt C
R L vy to
- L 2l+Rdi+ =
dez T tar et T

Series RLC Circuit

z’T il + v+1j dat’ '(t)+Cdv—O
: ‘ RL)" Hto dt
R gL C/"'-s v to
a Cd2v+ 1dv+ 1 0
- — — =
! dt? R dt Lv
Parallel RLC Circuit
] st 1 st 2 1
Let i(t) = Ae LAs?eSt + RAsest +EAeSt =0 — AeSt( Ls® + Rs + 7= 0
__R <R>2 1 R (R)Z 1 R 1
T \en) T 2T T J\an) TIc a=gp  W0= =
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9.5 Source-Free Series RLC Circuit

TABLE _ 9.1 Summary of Relevant Equations for Source-Free RLC Circuits
Type Condition Criteria o wo Response
1
Parallel —
] y 2RE 1 Ae'’ + Aje®’, where
- verdampe o > W \/7 S12 = —a + m
Series —
2L
1
Parallel —
L 2RC 1 o
Critically damped o= wy \/T_C e ¥ (A1t + Aj)
Series A
2L
1
Parallel RC 1 e (B coswyt + Br sinwyt),
Underdamped o < wy _ > 5
Series ;- v LC where wy = (/wy — «
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9.5 Source-Free Series RLC Circuit

e

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

Example 9.7 Determine i(t)

— U 4 1(0)=2m4, v:(0)=2V a < wy = underdamped
I R 1
— I\ a=—=1000s"1 w,= = 20025 rad/s
401 401
2 kQ 1H Ur
B wy = /a)(z) — a2 = 20000 rad/s
i(t) = e~1000t(B. cos 20000t + B, sin 20000¢) -~ i(0)=B;=2x10"%4
di . di Ve — 2000i i(f) (mA)
Ld—§+Rl—UC=O—>a= I A
[ v-(0) — 2000 %X i(0
:>_| _ vc(0) ©) _ 5 2
dt lt=0 1
1
di,
—| = 200008, — 1000 X B,
dt lt=o0

0 0 02 04 06 \ 08 1.0\
=20000B, —2=-2 = B, = 50000 — 0

i(t) =2x 107371000t 6520000t A t> 0
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9.5 Source-Free Series RLC Circuit

iiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiiii

Example 9.8 Determine v(t) for t > 0.

r= 3i
+ Y - . f—
_.>( el i,(0) =04
N 2 mF 0-y =20
i(07) > 5A,
ov(®) 20 | P51 102 310 + ve(0)
ll - v:(07)=10-3%x5=-5V

_vtest_11><1—3i_ L=5,
Req=G=—"72 =80 C=2x1073,
2Q§ UC\CDIA
- dzi  di 1 d%i _di 1

- — — 4+ —i= = 5—4+8—+—-—i=0
Vi Pae Rt =0 atz " at 2% 103"
ax = i = 8 = (0.8 S_l vc(t) — e_O'St(Bl c0s 9.968t + Bz sin 9968t)
2L 2X5 ' ’
= = 10 rad/
Wy = = =10rad/s
" VIC V5x2x1073 ve(07) = vc(0*) =By = -5V
a < wy = underdamped | ) dve  dvg i R dv, i(0%)
= — —_ = —_—— —_— e —
‘ dt _ dt ¢ _ dt l=o C
wy = /wg — a2 =9.968rad/s _ _1,(07) I U 0
C 2x1073
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9.5 Source-Free Series RLC Circuit

dv

d_tC = ¢ 98t(—9.968B, sin 9.968t + 9.968B, cos 9.968t) — 0.8e ~%8t(B;c0s9.968t + B, sin 9.968 t)
dve = 9.968B 0.8xB; =9968B, +4 =0 B 4 0.4013V

Qt limo = 99688 —08x B, =99685; +4 =0 = B, =555 =0

ve(t) = —e 98(5¢c0s9.968t + 0.4013 sin 9.968t)

5.“ T T T T T T T T T T T T T T T T T T T T T T T T T T T T

=R B L - Tl = I - VI

Lo = - T o o = I

s 1.8s5 2.8s5 3.8s5 4. 05 5.0s5 6.08s5
o U{CG1:1)- W{C1:2)
o —pXp(-0.8%Time)*(5%c0os5(9.968*Tine) + B.4813%*sin(?.968*Time))
Time




rcuit

R

« General Solution

=

Determine the initial conditions.

Obtain a numerical value for the forced response.

3. Write the appropriate form of the natural response with the necessary
number of arbitrary constants.

4. Add the forced response and natural response to form the complete
response.

5. Evaluate the response and its derivative at £ = 0, and employ the initial

conditions to solve for the values of the unknown constants.

N

Forced response  v,(t) = Vg

Natural response v (t) = AeSit + BeSzt |:> v(t) = V5 + AeSit + BeS2t
v, (t) = e *(Bycoswy + B, sinwy)
v,(t) = Ajte % + A,e™ 9t

v
=0+ s Aes1t + s,BeS?!
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9.6 The Complete Response of the RLC Clrcwt

Example 9.9 Find the values of these SiX quantltles at both t=0- and t=0".

du(r) A D UL§3H R CD5A

IR+ vp —
— 'V&V v v, (07) =0, ic(07) = 0 for dc current soruce
’Ll * 304+ l‘f ir(07) = =54, vgp(07) =30x(=5)=—-150V,
N I R
IH é L Tt (D YA p(07) = —vR(07) = 150V,
t=90 .. iL(07) = —ig(07) = 5 4
IR + vy - lL(O+) = lL(O_) = SA, Uc(0+) = V¢ (0_) =150V
——AMA— . ,
NEELERR ir(0") =4—,(0")=4-5=—-14,
NORELED e tr (Dsa va(0%) =30 x ;x(0%) =30 x (~1) = ~307,
- t=0" - iC(O+)=5+iR(O+)=5—1=4A,

v, (0%) = vR(0%) + v-(0%) = =30 + 150 = 120V
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9.6 The Complete Res

onse of the RLC Circuit

sy a (1) 1330 trmuee (P)sa

dij dij v, (07) 120
— L_ — = = = 40,
YL At dt li=o* L 3
dve dv. ic(0%) 4
= _ e = = = 1
le=C dt  dt li=o* C 1/27 0%
diR dlL
'R b dt lt=0* dt le=o0*
30 x iy — VR | 30 LR 1200
— - = . = -
VR R7TAL Lot dt le=o* ’
+ vy g A% 1200 + 108 = —1092
= - — =— - -
PLEVRTVC T Tt lemor T TdE lemot T dE le=or '
di di
lc = 5— (_lR) - _C =—= = —40

dt le=o+ — dt lt=o+
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e

Find vC(t) for t > 0.

9.6 The Complete Response of the RLC

L

';R = U =
—_—
’ AAYAY ’
" liL 30 Q) ’Cl +
du(t) A ngg H = F == 7
L 2 . 2

Forced response
Ucf(t) = vC(OO) =150V
Complete response
v.(t) = 150 + Ae t + Be™™
v,(0*) =150+ A + B = 150

- A+B=0

A =13.5, B =-135

Circuit

AR

a > wy — overdamped

S, Sy = —a+ /az — w3

- 51 = —1,52 = —9

—-5+4

v.(t) =150+ 13.5(e t —Be ) t >0
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9.7 The Lossless LC Circuit

« The resistor in the RLC circuit serves to dissipate initial stored energy.

* When this resistor becomes 0 in the series RLC or infinite in the parallel RLC,
the circuit will oscillate.

R
a=—=0s"1 wyg = ———=3rad/s
. + 2L 1
ll 4X%
U(O)ZO, 1
4 H v 1 ;:%F a < wg — underdamped
l'(O):—g
= wg = /a)g—a2=3
— i 1
v = Acos3t + Bsin3t, | dv dv i(0) -z
1=~ "Gl ="C S0
v(0)=A4=0 36
dv dv
EZSBCOS%_)E t=0=3B=6 v(t) =2sin3t t>0 Does not decay
=>B=2
t
1] a1+~ o L L L 5w = sin3e
— — =0 ->= ———— = — =0 = =
7 O T T: 4" 7 36de? acz " 7" vA el
0

General solution
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O] A2 L= BE 122 McGrawhill STALZ 2 E X3 J21S A}

EotR 5.

All figures at this slide file are provided from The McGraw-hill company.
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