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8.1 The Source-Free RL Circuit

- Natural response vs. Forced response

Natural Response : depends upon the general “nature” of circuit ( the type of elements,
their sizes, the interconnection of the elements)
Source-free response, transient response, complementary function

Forced Response : resemble the nature of the particular source ( or forcing function )
Particular solution, steady-state response,

((1) R'+Ldi 0 di+R_ 0
- —_— = - — — 1 =
ST dt 1"
+ +
1 ,. R i(t)y1r ;. Rt ,
‘;'I.Fc' R L '”L = :dlz—zdt = IO ;dl Z—Zfo dt — l(0)=10
- - i R |t R
=>lni’| Z_Zt| = Ini —Inl, =—Z(t—0)
o<t <t o 0
_ . Example 8.1
Energy is stored = lnli = —gt = i(t) = e T 50 mH
in the inductor at t =0 0 Al
i(t) = 2e~4000¢ i(0) =2 A §2009
0<t
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8.1 The Source-Free RL Circuit
- Alternative Approach

i(f) Inly =K
+ N ﬂ:—j%dt-l—]{ l(t—O)—IO _)lnlz—zt+1n10
I .
—— i R
g < R LR v ' R =>ln1—=—zt
ﬁll’ll=—ft+K 0 R

= i(t) = I,e Lt

- A More General Solution Approach
i(f)

Let i(t) = Aestt
+ + o, di

Ri+L—=0 - RAe5' + LAs;e51t =0
VR gR L% UL at
_ - R

- (R+Ls))Aes 1t =0 = s, = 7

_R, R
l(t) — Aeslt = Ae L l(O) — Ae_fo = A = IO

R,
= l(t) = Ioe L
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8.1 The Source-Free

RL Circuit

o A Direct Route: The Characteristic Equation

df
d _— = —
Consider a—f+bf=0 adt+bf as+b=0
dt b
> 8§ =——
Assume f(t) = AeSt a.,
> f=de d
Example 8.2 Find the voltage v at t=200ms
10 Q 10 Q
? M\ ' MV
I li,_ l"'L
+ +
= QSH 4OQ§U t<0 §5H
N 24V - 24V
. di,
10 Q —v+10i;, +5—=0
AN dt
vi +10(=55) +5 g
T o v 40 40)dt

dv
= —+10v =0
dt

-»s+10=0=>s5s=-10

, 24
i,(0) =5 =244

- v(0) = —40i,(0) = —96 V

Let v = Ae~ 10t

v(0) = -96V
= v(t) = —96e~10¢

U(OZ) — —968_1OXO'2
=—-1299V
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L

o Accouti Energy

8.1 The Source-Free RL Circuit

- pr = i?R =IZRe L'
+ + 0 00
_2R,
Vg R L< Wi =prdt=IgRj e L°dt
_ - 02 ! _&t » 1 Energy stored
= I{R (——R)e L |O =Ll initially in the
' R, inductor
l(t) = Ioe L

There is no longer any energy stored in the inductor for at infinite time since
its current eventually drops to zero

All the initial energy is accounted for by dissipation in the resistor
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8.2 Properties of the Exponential Response

Al R The initial rate of decay
1 l(t) = Ioe_zt ]
10 R, d i(t) R _R, R
- ——=¢e L dt 1. =-7¢t’ -1
I, dt I, lt=o0 L t=0 L
1A
Iy
i >t
Time constant
> 1
ity _R, 1 L =1
Q=e '="att=1 >7== fo
I, e R 1
i(t _R _RL
Q:e LT=e IR =e¢ 1 =0.3679 0.37
I, '
0.14
= i(1) = eI, = 0.3679I, 0.05 -
0 T 2T 37
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8.3 The Source-Free RC Circuit

_i> dv v (t) = Ae~st Time constant
C—+—==0 R
dv N v 0
O T T 1
Co v R dt - R¢ v (t) = Vye Fet
S+ R =0 1A
1
- = e
T Tke
v(0) = Yo 0.368V,
Example 8.3 Find the voltage v at t=200 us -

0 T
40 40 40
I MV ? M M\
=
2Q§ 10 uF =< v 2Q§ 10 uF == 7 2O§ 10 uF =<7
9V B 9V R
- - t=1)
v(0) =9V t

1 _——
v(t) = v(0)e RC' = 9¢” 60x1076 |/
T=RC=2+4)(10x107°%) = 60 us
= (200 X 1076) = 321.1 mV
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8.4 A More General Perspective

R L i
— A\ N— L
Req = R1 " R2 + (R3 + R4,) T=7),
s RiR, Feq
R, R, R4§ =R; + R, + Leg
l,il iiz R, + R, Generally T = R_eq
Example 8.4 Determine both /; and /, for t >0
MWV *’\/\/\/—‘E
120 O 120 O
§GOQ _ 60 Q) .
_‘>( o — AMN— v = AN
1=0 I mH 50 0 I'mH 50 Q
(f)lsv %900 2 mH éSmH §909 gzmﬂ §3mﬂ
.-y _ 18 _ _ L 2.2%x 1073
t<O:LL(O)=%=36OmA, Leg=1+(213)=22mH L lea _ %
28 Req 110
i,(07) = 50 = 200mA Req =50+ (90 11 (120 + 60)) =110 Q =20 us

i,(07) =1i,(07) t
t>0:i, =i, (0% )e ™ =360e°0000t ;4
180 2 t

= —=X%X360 =—-240mA i; =i,(0M)e T = —240e 20000t 1n4g

(07 =10 557780 = 3
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8.4 A More General Perspective

. General RC Circuits
T = ReqCeq

Example 8.5 Find v(0*) and i;(0*) if v(0)=V,

. \l/ ic < i Req =R, + (Ry Il R3)
l“ ; _ R R;
R, =Rt R R
= Ry C==u Req 1+ Rs
¥ R.R,
s - =R,,C=|(R, + — C
T— e (2 Ry +R3
t __t
v(07) =V v(0%) = v(07) =V, v="Vye T=Vye ReC
R3 R3 _v t
= — = — v R t
11 = lr = . . —= 0 3 - =
1 Ri+R; ¢ Ry + R3Req i, =i;(0M)e 7= RE R iR
" R+ R R
) R; v(0
= a0 == 7%
1 3 eq
B Vo R4
RiR; R{+R
R, +—1-3 11 3
2" R, + Ry
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8.4 A More General Perspective

Example 8.6 Find v.(t) fort > 0 if v(0)=2 V

_dvg
100 ic =107 —=
_l\/\/\’ iC = 15l1 — il = 0511 dv
—> i . vc - 0.5i; = 1076 —=
§200 1.5 " 1 uF ' 10+20 Ve Uclitvc
Sip lea~1p 05— =10"%—=
! : %30 dt
fl dvc 1 0 1
N — = - §=—=
dt 60 x10-6°C 60 x 10-6

= vp(t) = 2et/(60x107) 7 <— v(07) = v (0F) = 2

Another method for Example 8.6 Finding R;, on the left side of capacitor

100 OV \
AN '1:$ .'.RTHszz—GOQ
1.5, ® :
§ 200 a(Hv. V, = (1+1.5,)(30) 7 =RC =-60x10"°s
lil 2 =30+45i, =30+1.5V, ¢ t t
—V, =60V Ve (t) =26 7 =2e 040" = 2g800° Y

10
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8.5 The Unit-Step Function

Tou(t - 1) CD

General
network

v

u(r)
A
0
I u(t) = : |
> [
0
u(t —1o) =028
A
1= E ; General
network
"Q
> 1
0
v(1)
A
VO B O
v(t) == {VO
0
> [
0

General
network

to <t <ty

v(t) = Volu(t —to) —u(t —t,)]

General
network
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8.6 Driven RL Circuits

i) oAl .
ke Ri+L Vou(t) Ldi
 AAA— dt - - =dt
R Vo — Ri
L i(t) = L
G Vo u(® L% A » g —RY=t+K
=~ t>0:Ri+L—=V, L
dt att=0+:—EanO=K
i(07)=i(0")=0
L Vo — Ri R Vo Vo _R
—z (Vo —R) —InV] =t - OVO —e I = i(t)=EO—EOe_ft,t>O

i) = %(1 — e_gt)u(t)

Example 8.7 Find i(t) for t =, 37, 3%, and 3.0001 s.

i) 1kQ o_ 12 _ . R_1x10°
A 0o S amd, cmo o=
R ~ 1000 m L~ 50x10-3
12u(t-3) V C_D % 50 mH For 12u(t) input,
Ve V, _R
i(t) = (EO —2e Lt) u(t) = (12 — 12200006y, (1)
i3 =i(37)=0 = i(t) = (12 = 12720090yt - 3)
i() =12mA i(3.0001) = 10.38 m4
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8.7 Natural and Forced Response

Con5|der general equation

di
s Pi = » forcing function

> di + Pidt = Q(t)dt

J multiply e”* (P: positive constant)

ePtdi + PieP'dt = Qe’'dt

@ d(ieft) = eftdi + iPeftdt

d(ieft) = QePldt

@ integration

Pt:]ertdt+A=>i=e‘Pt.erPtdt+Ae‘Pt

i(1)
;/vv\,_

di
Ri+ L— = Vyu(t)
+ dt
(—)"0“(” L% LR Vo

source-free case: Q =0

=i, = de Pt natural response

t > o00,i, -0

After the natural response
has disappeared

Q:dc
= ePtQ j ePtat — %e—Pt(ePt) Z%

forced response

complete response

i(t)=ip+i, = %+ Ae~ Pt
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8.7 Natural and Forced Response

Example 8.8 Find i(t) for all values of time

i(r) (A)
50;&\/ 5 Q) Reg =216 A
= & 2X6 1 P i ams .
e fin = =15 5/’
2+ 6
25
50\/@) 6Q§ 3H§ ; 3
T=—=-—=25
R 1.5 || I Y O S
¢ “ 20 2 4 > 106)
di di
dt __dt 5 =4 2i=25 5 it)==+Ke™ =50+Ke 2 t>0
2 6 dt 2 P
i, =Ke /T =Ke /2 4, t >0, Therefore,
t
_ 50 4+ 50 i(t) =50—25e 2 A4, t>0
if=—"7—=>504 i(t)=254, t<0
S>i=i+i,=50+Ke 24, t>0 2V

t
50 i(t) =25+ 25(1 - e_i)u(t)A
att=20: 7=50+K:>K=—25
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8.7 Natural and Forced Response

Example 8.9 Find i(t) for a rectangular voltage pulse forcing function.

v(1)
A
Vv R 10
Vo i1 (t) = Eo(l —eT1),  t>0 o
V. R
iy (1) = —E"(1 _ e T(t"t)
> 1
0 lo || -
i(t)=0, t<0 0 30 fo 2
(a) t
0
2 V R T =—
i R i(t) = —0(1 — e_ft), 0<t< i 2
NN R A
+ VR ————————————————
V. R V.
Vou (1) o i(t) A (RS 1) Y (S
% R R
v(1) 7
—Vou(t —ty) Vo _R. R 1 J s
0 0 c . — Eoe Lt(e Lo _ 1) 0 t B 31, '
t>t, r=%
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8.8 Driven RC Circuits

Example 8.10 Find v(t) and i(t) for all time

a =0
0") =v.(07) = 120 =100V
h ve(07) =ve(0) = 157355
003 +
— SOQ§ somF == () Roq = 60 || 200 || 50 = 24 O = T=ReqC =125
+ —
]2OV—:___ : 20()Q§
- S0V = lim Ve, = Ae /T = fe~t/12
) 200 11 50
- = = 50 =20V
U vey = Ve(®) =07 (200 |1 50)
=
o] . Ve =V, t Vg, = 20 + Ae~t/12
it
L 600 5002 somF=1+ —att=0: v:(0) =20+ A4 =100
" + 200(1§ . 5 4=80
120\/? SOV?
® - vp =20 +80e™/12,¢ > 0 !
t=0 100 [N
I ve =100, t <0 -
60 Q " —
Py zoon§ 500 & 50 mF == z¢ 20 —
Y = '()l R |1 0 { flr |2 1)
- —|— i(t
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8.8 Driven RC Circuits

b B
003 "ot <o: 0.192\
. 600 song 50 mF == wf_m (0-) — 50 | 0.1 — N | | "
V=, 2002 0 =%0F200 -1 0 lr 2 e
50V = lim = (0.1923 4
(a) . ( ) 50 50 014
= o0 ) = — V.
(=0 ol 60 + (200 || 50) 200 + 50
o] ¢ i) =ip+in=01+4e7/2 >0
100 60 € 500 2 50 mF == o
% + 200(1§ i
— — + =
129\/T SO—VT from v (0 %00 100V i(01)=01+A=05
& ' = i(0HY=—=0. - A=04
i(0™) 500 054
(D)
L. i(t) =0.19234, t<0
— " i(t) =01+04e7t*2,  t>0
+ 200 QO § 50 Q) 50 mF == v¢
L g _t
WE o) i =0.1923 + (=0.1923 + 0.4 T2u(t)

17
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8.8 Driven RC Circuits

[.  With all independent sources zeroed out, simplify the circuit to
determine Req, Ceq, and the time constant T = ReqCeq.

2. Viewing C,q as an open circuit, use dc analysis methods to find
ve(07), the capacitor voltage just prior to the discontinuity.

3. Again viewing Cgq as an open circuit, use dc analysis methods to
find the forced response. This is the value approached by f(7) as
t — 00; we represent it by f(00).

4. Write the total response as the sum of the forced and natural
responses: f(t) = f(00) + Ae /7.

Find f(0%) by using the condition that ve(07) = ve(07). If
desired, C¢q may be replaced by a voltage source ve (07) [a short
circuit if ve(0F) = 0] for this calculation. With the exception of
capacitor voltages (and inductor currents), other voltages and cur-
rents in the circuit may change abruptly.

6. f(0M) = f(00)+ Aand f(r) = f(00) + [f(0F) — f(00)]e™/,

or total response = final value + (initial value — final value) e~t/T,

N
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8.8 Driven RC Circuits

Example 8.11 Determine an expression for v(t) fort > 0

10 Q ) 10 Q
e VAYAY AAA i "AA"
+ —> 470 +
5~20001 u(t) A T) 4.7 Q) § 22 uF =< v 23.56‘2000tu(t) Vv CD 22 uF == o
Req = 4.7 +10 = 14.7 Q T=R,,C =147 % (22 x107°%) = 3234 us
t>0 p
dv v
i(t) = (22 % 10_6)E — 23.55¢72000t = 4, + 14,7 x (22 X 10_6)E

1
dv P ===3092x 10

- — +3.092 X 103v = 72.67 x 1032000t T
dt Q(t) = 72.67 x 103¢~2000¢

U(t) — e—Ptj QePtdt _|_Ae—Pt — e—3092tj 72.67 X 1038_2000t€3092tdt+Ae_3092t —

— v(t) = 66.55e2000t 4 fe—3092t ¢ v(07)=v(0*)=0 - A= —-66.55

v(t) = 66.55(e 72000t — =30928Yy (1) Y
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US R pw TABLE 8.1 Four Separate Cases of Pulse Width and

. - | | . . P
, I . TF i | Period Relative to the Circuit Time Constant of 1 ms
va L P =< > | @
| ‘ | | | case Pulse Width W, Period T
|
i } | L1 10 ms (z < W) 0ms (z < T — W,)
| : } : : Il 10 ms (1 < W) 10.1ms (3> T — W)
: | PER | | | 1 0.1 ms (r > W,) 101 ms (1 KT —Wp)
| | : I Il 0.1 ms (z 3> W,) 02ms (x> T —W,)
_ | ! | |
T=RC=1ms Vi f | | |
| ! | |
L \ | | 5 A
w > ! Vs
9

- CaseI: Time Enough to Fully Charge and Fully Discharge

0 >
0<t<10ms 10 < t < 20 ms 00030y
ve, = Ae~t/T = ge—1000t ve(t) = 8.9959—1000(t-0.01) -, g,—1000(¢t=0.01)

Ve, =vc(0) =9V ( 9(1—e71000)y 0 <t<10ms

9e~1000(t=0.01) 10 < t < 20 ms
ve(t) =149(1— e71000(6-002)) 20 < t < 30ms

Qe —1000(¢-0.03) 30 < t < 40 ms
. A

ve(t) = 9(1 — 10008

v(0.01) = 9(1 — e~ 19) \
= 8.9959 =9

Capacitor has time to fully charge

Y
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8.9 Predicting the Response of Sequentiall

Switched Circuits

e

« (CaseIl: Time Enough to Fully Charge but Not Fully Discharge

A

0<t< 10 ms Capacitor has time to fully charge Vs
9

Uc(t) — 9(1 - e—lOOOt)

10 <t<10.1ms ve(t) = 9e~1000(t-0.01)

0 10101 201 .
N vc(101 mS) — 98_1000(10'1X10_3_0'01) —8.144V

10.1<t<20.1ms

ve(t) =9 +Ae—1000(t—10.1><10_3)

Y

v:(101ms) =9+ A = 8.144 > A =—0.856

ve(t) =9 — 0.856 e—lOOO(t—10.1x10_3)
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8.9 Predicting the Response of Sequentiall

- (CaseIll: No Time to Fully Charge but Time to Fully Discharge

Vs

0<t<0.1ms ve(t) = 9(1 — e~1000%) 9
- 16(0.1 X 1073) = 9(1 — ¢~1000(0.1x107%)) — ( 8565 -‘ H .
001 101102 ¢

0.1<t<10.1ms  v(t) = Be~1000(t=0.1x107%) A

(0.1 x1073) = B = 0.8565 — v,(t) = 0.8565¢~1000(t=0.1x107%)

- (Case IV: No Time to Fully Charge or Even Fully Discharge

0<t<0.1ms ve(t) = 9(1 — e~1000%)

0.1<t<0.2ms ve(t) = 0.8565¢ —1000(t—0.1x107%) 9 b -~

(0.2 x 1073) = 0.7750

0.2<t<0.3ms ve(t) = 9 + Ce~1000(t=02x107%) (¢ = —-8225

v:(0.3 X 1073) = 1.558

0.3<t<0.4ms ve(t) = 1.558¢~1000(t=03x107%)
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EotR 5.

All figures at this slide file are provided from The McGraw-hill company.
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