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A2 5.1.2 [81(1) f(z)—f(z)=00[1 p(z)l00|=2
= Aol px)= FlzlollX gol obd thadele} szl e f(@) = f(x) (mod p(x))O|Ck
p(z)E WO sl e AE Z2&AT 5 2) f(z) = g(z) (mod p(z))2t 7}ESAF 8] H
Q) WAbE 1= f(e)e Flelll gkl fz) = f(z) (mod p(z)). p@)l[f(x)—g(@)]0|Ct k(z)E Flzx]7} =50
) - flz) =gla) (mod p(x))elH, flz)—gla) =pl)k(z)O[Ct D22
g(x) = f(z) (mod p(x)). g(z) = f(z) == (f(2) —g(z))=—p(a)k(z) = p(z) (= k(z)) 0| 1
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[f(2)] ={g(z):g(z) = f(z) (mod p(z))} o Zylz]A 22 +1S HoR d= FES Az
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=g(z)+ (k(x)+t(x)

)

oli  k(z)+t(x)EFzlolBE  alz)Eglx)]olth  wahA
[f(@)] € [g(@)]olTh ¥z A [f(2)] 2 [g(z)] &
o},
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sc). wWEAe] 21520 ZWo] wlxul BB 1Al pl)E WO 3= RE FoFE JEE Flal/p@)2 Y
= EA

AP ZS AFEEt] Flz]olA RE ko] p(r)E Wow § Bl o] A2 7,9 FAIHI HlS=sh
of &ate o g elS HolEt) weba 4e] 5.1.50
ofate], BE P& Sol &b oW udhA ] et 2 s Rlz]OA 22 +1S How & %S AZsat 22 +19)
R u olg iAol A 7 Absd Aol g3 dEREe] ik
1Al 7Fsd 2t A= ro+s(r, sER) &9 T4 E0]
o%ors Y Y EE B oo 09 AUtk 1A
Rlz]/(2* +1)&
oL, lel, le+1), la+3l, | Too|, 7]
& xgele] ¥ehe] B e FERER ool uE axtbla, bEZ,) & TEAelt. aeA 47H] Thed v
Bl 515200 < sfed, w2 5ak e}, 0, 1, 29} o+ 1]tk whehA
re+s]=cz+d < re+s=cr+d. Zz[x]/(x2+x+l)={[0], 1], [z], [z+1]}. H
tjskalo] 7HS-o] ool 935l ret+s=cx+d& r=cO|
i s=dolt), WE AR ]/ (2 +1)0] BE Qe [rpts] T i B7] 51604 TES elubHel %ol mgo] ik
=2 fdsiA 2d F 3itt. ’ p(@)EZ,[z]7F A7 k5 7HH pla)ol o vealellA 7}
53 UHAE qytaxt+ o ta, 2 Zolth o]7]A
s Zo (] 22 +2+1S WO & d5s A4siah g 0, €7, 01T kNe] A ap, -+ ap 9] 22kl tiake] no

Ho2ltriel g bRAldA Abed uHAE 9] 7HsAdel 9, olgh 2 #el nf7le] the tael 9




o} webs wEA T 5.1.5-20] o8t 7 [z]/ (p(x))el & n*
el B teR7E =A% i

AN f(2) = gla) (mod p(a)) & f(@)9k gla)7h pla) 2 1}
Fold w e YA zhet) o2 F9skah
Eol] (=) flo) =g(z) (mod p(z)) e} 7HdapAf vioal b
gl5el ofste], a2 (o), r(z)E Flo] 7F S48k
f@x)=plx)g(x)+r(z), r(z)=0, == degr(z) <degplx)=
RSkl c1Elar ¢ (z),r () € Fla] 71 =451

deg 7' () < deg p(z)o| ™% deg (r(z)—7 (z)) < degp(z)°|T}
wptbA] p(z) =" (z) = 0010k webA] r(z) =0 ().
(&) 1 oA FEe] Aol oate] EHsith. W

= qole] T gL p(a)E Wor FEolth olF 31
st
p(a)7F k(z)eh HZAo0la

f@)k(z) = g(z)k(z)(mod p(x))olH,

g(z) =p(z)g () +r'(x), v'(x) =0, F=i= deg r'(z) < deg p'(z)

r(@)—r'(z) = flz) —g(z) +p(@)ld () —q(z)] (5.1.1)
olth. flz) =glz) (mod p(z))o] 50*4 h(z)E Flz]
7b =Askel fla)—gla) = pla)h(z)o] (5.1.2)
2] (5.1.1)¢F 2] (5.1.2)°l 40}04,
r(@) =7 (z) =p(@)[h(@)+¢ (@) —q(z)] o] ]
A714 h(x) +q (x) —qz)E Fla]olth
LA p(@)] [r(z) =" (2)]elth “151t)] deg r(z) <deg p(x)o] L

p(m)l(f(x)—g(x))k(:r)-
px)t k(z)7} AMEiolmz Ael 4240 23t
p@)(f(x)—g(z)). WA f(z) =g(z) (mod p(z)). N

D)9 AR L0, AR o)< Falk EAGH




HAmod p(z))o| 2=,
p(x)lf(z)g(x)olth plx)E 71ohata]olnz 4z2] 4.3.39

ofate], p(z)lf(z) T2 pla)lglz). A
f(z) =0, (mod p(z)) E=E g(z) =0, (mod p(z))

| Zy 2]/ (2 + 20 +1) [= 3% =27.
|

i Zylz] oA 2P 418 HOoR sto] ¥ Ao Ui EH

7 EAREN of FERE A e,

s p(@)7F Fla]ol Al 719ke] ol W, f(z), g(a) € Fla]7F EA]
ato]  f(z) = 0x(mod p(z))elaL, g(z) = 0x(mod p(z))°]
ok e fa)g(z) = 0p(mod p(w))olth o1 SHatek

Zy[x)NA 2420418 HOZ a1 FEolA = 277
o e fERTt EATe wo
[Eol]
Zy[z/ (2* + 22+ 1) = {laa® + bz +c] : a, b, cEZ,}0] TF .
olw| a, b, ¢ Z¥Zto] HT & U&= F2 37FX|olth. wEhA

Brel Fe2 & 7,0 Ao HE A, FlaldlA e

UED olgS Ax & 7Y X
]
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= Aol pla)E FlzloA vidsoidaolgt szl Flz]/px)
A [f(@)] =lg(@)]ela [r(z)] = [k(z)] o9,

[f (@) +h(z)] =[g(z) +k(@)]o1aL [f(z)h(z)] =[g(z)k(z)] o]t

[5H] f(z) = g(z) (mod p(z))e]iL h(z) = k(z) (mod p(x))°]
22 f(z)+h(z) =glz)+k(z)(mod p(z))eliL

f@)h(z) = g(z)k(

(z)k(xz)(mod p(z))eltt. whehA]
[f(@)+h(x)] =[g(x)+ k@)l [f(x)h(z)] =[gla)k(z)] o]tk

557 2ot 1]9 Betslel @3 e A7 e g

[22+1][3z+5] =[(22+1)(3z+5)] = [62° + 13z +5],
[(2z+1)+ (Bz+5)] =[5z +6].

17] 515904 FEsII%], Rlz]/(a®+1)d Fah= BE
GE5HFE [ax+b) EE 294 5= Atk [62° + 132+ 5] = ©]
22 Je7] 95k, 62° +132+52 2* +12 YELh 1
2

62> +13z+5=6(z"+1)+(13z—1).
1A
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Sl e geld o 9la, o] AikEe 7t FEFA
HEAES] el o] wH skt

89] 5.2.2

e Aeln plo)E Fllold widstaelet s
Flal/(p) N4 S8 T4 ket ol gelde
F @) +lg(@)] = @)+ )], [F@)lg) = [ (@)gl)

toret 871 51690 A, 815 Z,[2]/ (2 +2+1)={[0], [1

62>+ 13x+5=13z—1 (mod 2> +1).

A (627 + 13z +5] =[13z—1]. W

], [z],
[m+1]}u§ Attt F=9 GAle] AHolE ARgste], -2
= [z+1]+[]=[z+1+1]= [2](Z,914 1+1=09=
gateh)ds ek H=d kbl 93ty Sl
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Zy(z)/ (z* +x+ 1)l ek it FAIE oA A o] 2
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+ o] 1] fx]  [z+1]
0] o] [l fa]  le+1]
[1] (1] o] fz4+1] [z]
lz] | [z] [z+1] 0] [1]
[z +1]|lxz+1] [z] 1] [0]
: 0 1] @ [z]  [x+1]
0] 0 0] 0] 0]
[1] 0 (1] [z]  [z+1]
2] 0 ]
[z+1] [0] [x+1]

(@ +z+1)2 Fodo] = HakER, e ¢A 2
Aoltk. zs} 7,9 & AP BRNA o|AE 2tk =
g oo ohrk o712 e AL F Ee 9 4% wE
ol(fo]=+ [1]e] &3} Hok. FEAT F={[o],[1]}& Z,%
Bolth(e] F AA Wet REe Fol dE WTIEs
Alefstal AT, o7t AMd e vl d¥E AWE
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(2] [z+1]=[z(z+1)] = [" +z]
doll FEake}, o] Z,y[z]ollA 1 yeAl e hdgk BiAl
St tr=(E"+z+1)+19S BojFrh a8
2+ =1(mod 2* +z+1).
(2% +z]=[1]elth.  WISE Akkel <)o,

(2] [z] = [2®] =[z+1] (NIFE, Z,[z]olH  2° = (" +
z+1)+ (z+1)0]7] w&Foltholtlt. W
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A0S N T o FoF E pla) =la]2 Qo3 1 JYER o walgkgolth mEb g PR e SEAME]
Y B3] o= AARgrolth Fla]/ (p(z))e] Sl FA19] =3 [
oo fate,
pla+b)=la+b]=[a] +[b] = p(a) +p(b), g A ro} Flz] gEa pa)oa ARsrgach A&
@(ab) = [ab] = [a]* [b] = p(a)-©(b). Q= Fo B3o] HAlS %3stE 3 Fla)/(pl)E wE
Aot FHo=z x A S 3= e FEoly ek
%EM o IO%A%:OM' et e ;% e 3}29] 17 Oﬂ/d] g‘ﬂ;% o], 1&}% Lxés}ﬂT %J:J ;} 7};
Aole] a,bEFO] 3t pla) =)t 7Hgskat. 18H e el sl

[a] =[b]. ZWA a=b(mod p(z)). 221BE p(z)l(a—b). L
A deg p(z) = 102 a—bEF. IWA a—b=0, = a=0b.

sheles 3 Z,[z]/ (¥ +2+1)S THEY] S5t -8 Z, (o] + | 0 1 [z] [x+1]
- 0 0 1 ]  [x+1]
oM & P4r+1S AMESIIY Ee Z,5 1 1 0 [z+1] [x]
Zolz]/ (* +2+1)2] 5ol 7,0 53] BA} 7o} AA]A] [x[—f—]l] [x[i]l] [x[—;]l] (1) (1)
103 7pgsta Fo) 9E0] viA| 7,9 99 A F o -0 1 2] [z+1]
A5 & a9 1] 5220 Ak BES TR 2o 0 0 o v X
1 0 1 [z]  [z+1]
), [z] 0 [z] fz+1] 1
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s Zolth. olg@y s o] YRS A XA Aa] 5.4
=, 127 BZSOMXHJ, T FEAgeR FE 29 = Aol ple)e FleldAd wRsa@dAole ek e

Fzl/(p(z)s F AN x3sl= d5Y0] 9= 715ksto|o)

FETF F=2Z,:pla)=2"+2+19 & Flz]/p(z)el

> CE
AN Zh 2HBER ¢, beFY W = bz]E
. o Qe sals BAE 2 wsolah lel/pl) Aok

a+blz]E [a] +[bllz] =la+bx] DAl & Zlolt)
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+ 0] 1] 2] [z+1] [2?] [z*+1] [o*+2] [o* +2+1]
o] [o] 1] (] [z+1] [+] [* +1] WP+a]  [PHa+l]
[ [ o] [z+1] [z] [z*+1] [+?] [2*+2+1] [2*+2]
(] (] [z+1] [o] [ [+* +2) [* +2+1] [+?] [2* +1]
z+1] z+1] 2] 1] [0] 2 +a+1] [ +x] a2 +1] [2%]
[*] [+*] [ +1] P+l Ptati] (o] 1l [] le+1]
[o+1] [ +1] [a?] b te+1] 2P+l 1l (o] lz+1] lz]
e +2] e [+*] [+* +1] [x] lz+1] o] 1]
P +a+1] | [ +a+1] [2* +] [2*+1] [2*] [z+1] [z] 1] 0]

ool ple) EZy[z] M= 71%keltt. webs Z,[2]/ (p(2))
= Aol |

[aisal] ST
F=ZQ;p(m)=x2+1

F=17,;plz)=2"+z+1
ol & Fla)/(pla))ol W3 54 FAUEE whsolzl
[z]/ (p(z)) = AA7}?

~

o] 1] 2] [z+1] 2] 2% +1] [2®+2] e +a+1]
[o] [o] ] ] ] ] o] o] o]
1] [0] [1] 2] lz+1] %) [a?+1] [a?+2] @ +a+1]
2] [o] [z] %) [a?+2] lz+1] [1] 2 +z+1]  [P+1]
[z+1] [o] [z+1] [+* +2] [z*+1] [ +z+1] [’ 1] [z]
[+*] [o] [+?] [e+1] [ +o+1]  [o?+a] [z] [+ +1] [
2% +1] o] [a?+1] 1] [2?) 2] P +a+1]  [w+1] [a?+2]
[2? +a) o] 2%+ 2] @ +a+1] (1] [2?+1] [z+1] 2] [2?]
[z*+z+1] |0] *+a+1] [P +1] [z] 1] [2* + ] [2*] [z+1]

2

]_

ol

Rlz)/ (2 +1)A 53 4l i3k 8¢ A7
e},

[Zo]] Rlzl/(z*+1)={laxz+b]: a, bER}O)EE
=

l[az+b], [cx+d]ER[z]/(2* +1)

& s,

(i) lax+b]+[cx+d]l=[(a+c)r+ (b+d)]

(i) [ax +bl[cx +d] = [acz® + (ad +be)x + bd] (5.2.1)

Rlz]/(z*+1)9] RE A& rz+t(r, tER)OJEE,




acz’ + (ad+be)r+bdS 2° +12 Vol 1 YA r(z) =S
TRk e
r(x) = (ad+bc)z +bd —ac.
agE R 2 (5.2.1)04]
laz +bl[cz +d] = [(ad + bc)z + bd — ac). |

e Qla]/ (27 —3) el QA el oied T3S A st

A 5.3.1

AT pla) e Flaloln waTiatsola) aix. 1 o
o PASE Ko )
Joi

Q) plz)E Flz]olA] 7]<ke]th,
2 Flz]/(p(z))= Aol
) Flzl/(px))= elrh

(T8I0 =@: pl)7k  Flelold  71%fel2t 7Pgsta
Fla]/(p(z))e] Fele] 9 lala)] = [0]& HstAt. 229, e
5.1.59] 2]}

£5.3 |p(.'17)7]' 71w Flz]/ (p(z)) J

p7b 25Adsd W, Z,= Aolth(EE Ao
= of wiate] B3 AasE A5
5.3.1). 2t zZolA dolwkel A H=

a(z) = 0(mod p(z)) & la(z)] =0
olng Flz|olA p(z) talz)olrh
“1- e plz)7t F[ﬂ:]"ﬂ’ﬂ 719kl B & a(z)9t p(x)9] gedE 1,°]
A E= plz)o] B sRbdolt) AW p(z) + alz)o] B2
a(z)e plz)d %‘Qﬂ Hkelo] ojste] proid 4= gik 1
22 p(z) falz)d, al@)® p(x)] geds 101000k g

oth AEl 4230 g3ted, 3 oA wlz)et v(x) st
1=p(@)ulz)+alz)v(x)
I a(z)v(z)—1=plz)(—ulz)). 1A




o[ A] la(z)v(z)] =[1]o] L la(2)] [v(z)] = [1]o] B2
z=[v(@)]= [a(x)lz=[1]9] o]t}

(2= Q): Flz]/(p(x))7t At 71434AL of7]ellA el 2.3.1
S AF nkgo] & ot gltk o)A wEAe] 3.2.79 AF
A2l Axjolt),

@)= 1) : Flz]/p(x)7t ozt 7Pgstat. pla) = alz)b(z)
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