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Eigenvalues and Engenvec’rors
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11 Bl E (eigenvector)

(eigenvalue)

{k(eigenspace)

=2 s =H(similar matrix)
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Eigenvalue?} Eigenvector

< Eigenvector (1 S HIH)
= nxn YE A0 LS Ax = AxE THESH= EHIE(0)7} Of Ll HIEH
« AZIE} A : eigenvalue (18}

« eigen- : =0 (self, unique to, peculiar to, belonging to)
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Image : http://en.wikipedia.org/wiki/Eigenvalues and eigenvectors
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Eigenvalue?} Eigenvector
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Eigenvector?| =%t 7

o W OfAl ChE ARo) M
= Eigenfunction

» Eigenface

= Eigenmode

= Eigenstate

Af =\f A=

3
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Eigenvector?| =%t 7

% Eigenface

Source: http://cnx.org/content/m33183/latest/
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4342 Hsde

% Ax = \x Q@ AL (x= eigenvector, A= eigenvalue)

AL00y 100

A’x = AAx = AXx = MAx = \’x
A*x = AAAx = AANX = MAAx = VP Ax = Vx
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EigenvalueE ¢ lIf Eigenvector %t7]

N A= E g] Ax = Tx
Ax —Tx =0
(A-T7Hx=0
!1 6] B !’T []] _ !—6 6 ] x should not be 0.
5 2| o7 T |5 -5

det(A—T7I) =0
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Eigenvalue?} eigenvector At7|

& Ax = \x

Ax —Ax =0
(A—A)x =

det(A— A)=0

I

AQ| 5414
(characteristic equation)

A=

2
3

3
—6

| 203 A 0] [2-x 03
A_)J_l.?) —6]_![] A]_! 3 —6-—A

det !

2— A

3

_6_)\] =(2=X)(=6—-X)—9
=N+ -21=A=3)A+7)=0

A=3, =7

|
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ol2id0| EAIHIX] Al
nxn B3| EJYZ%
“ nxn iZo| E/HI™ Al(characteristic equation)
det(A— M) =0

= Nkt CHEA
» S E L (multiplicity, Z 2 eigenvalueZf LIEtLIE 2|)QF B4
(complex number) Z(root)77tX| 112{5tH n7f e &0 =X

< Eigenvalue #|4t

3
 UBHO B SXGIMT Y ALS
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Eigenspace
o Ax = Mx
(A— N )x =

= Eigenvector= A — A9 & ZH(nullspace)o] s

{t (Eigenspace of A corresponding to 1)

eigenvectorE M HE|= & HlE{(zero vectonE =
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Eigenspace a5 21828
4 —1 6 b=
o A=12 1 6 A= 2 . -
2 —1 8 2 5
2 -l 8
Ax = \x Ax = 2% »» B = A - 2+eye(3)
B =
2 -l B
(A o QI) 2 -l B
2 -l B
*» C = rrefiB)
2 =1 6 2 —1 6
(A-2)=12 -1 6| ~ [0 0 O © T
2 —1 6 0 0 0 1.0000  -0.5000  3.0000
0 0 0
0 0 0
] 0 d Lo — 3?"':5_ 0.5 —3 r 0.5 _3 1
To| = i = T2 1 + I 0 1 0
Az i) 0 1 0 1

Eigenspace of A corresponding to A=2
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Eigenvector in Octave/MatlLab

>» b= [4-16: 21 B2 -1 8] = vl =Y, 1)
|'!'|= '.'.l‘l =
4 - 5 0.5774
2 | B 0.5774
2 - 8 0.5774
(W D] = eiglh) Fx o Ayl
¥ o= ans =
0577 -0.28538  0.1377 5. 1962
0.5774 -0.9643 -0.9685 5. 1962
05774 -0.0761  -0.2073 5. 1962
#r Gyl
b=
ans =
g, 0000 0 0
0 2.0000 0 5. 1962
0 0 2.0000 5. 1962

5. 1962
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AHZIeli = O] eigenvalue
* 42 eigenvalue= FLHAH &9| =
(ly1 dq12 (3 A0 O
A— A = 0 (oo (a3 0 A O
0 0 s 0 0 \
det (:‘1 — /"\I) = (ﬁ'll — )\)(ﬁ-gg — /\)(ﬁ-gg — /\) =0
A = aqq, (99, d33
2 4 8 4 0 0
A=10 0 4 B=12 20
0 0 =3 0 2 5
A=
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Eigenvector?| Mdd =&l

/

* Vi, Vy ..., V.O| Nnxn & AQ| A Z C}E r72| eigenvalue A,, X, ..., A,
ol CHgt eigenvectorO|H, {vy, vy, ..., v }2 MAZE
» HEHO| 2ot S (Proof by contradiction)
= Ot9F {vy, vy, ..., v}O| M O|ZE(linearly dependent)O|H, vp+17f Vi, Vy ., V
Of elof Mdetez Bkl 71 &2 p7F EXHSHC
C1Vy+ =+ Vp = Vi
= LHO| A &5H7|, Ave = Ay

1AV + e Ave + L+, Av, = Av,

P

Fl/\lvl + ff’g)\QVg + ...+ EP’)H‘PVP = )\p+1vp_|_1

CLlAp 41V + CAp 1 Vo + oo+ A1V = A1 Vg —
(71(/\1 — )\p+1)V1 + l’?g(/\g — )\p+1)V2 + ...+ l.‘?p(/\p — )\p+1)vp =0
= {vy, vy ., VI AESEHOPZ IHE0, #f Aol BEE Alee
= A~ Ayt #£ 00|22, ¢,= 00| &7,
M= MUAM v, = 07} E|0] v, = eigenvectorZ} Of'F.
. 0| = eigenvector= MY =E
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G239l & (similar matrix)

% SF2ali = (similar matrix)
| ]

nxn $ A, BO| CHSLO], 7t S PIL QUof, M2 HEHE 4 9
PIAP = B
PBP = A (A = PBPY)
» gews
AZ PIAPE Biztst=

» SF2l O] eigenvalue

n —I|:— '6'C|>-I =Io| EA-II:II-I-IAIO| 7|'O|-A‘| % ke elgenvameg 7|_x|
In case of B= P 'AP

B—-—M=P'AP - AP 'P

= P7UAP — \P) = P~Y(A — \I)P
det(B — M) = det (P~ (A — \I)P)
= det(P)det(A — X )det(P)
— det(A — \I)
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Eigenvalue, determinant, trace

AK = /‘\,:X

eigenvalues

f[ A(A) = det(A)

=1

determinant trace
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Eigenvalue, determinant, trace

& For A e R2%2 det(A— M) = \* —tr(A)\ + det(A)

1
A= [Z (ﬂ tr(A) =a+d, det(A) = ad— be
a—A D | _.
det(A— AI) = . u‘f—/\‘ = (a—A)(d—X)—be

= A —(a+d)X+ ad — be

= A\ — tr(A)\ + det(A)
det(A— M) = (A= X)X — \g)

=X — (A1 )X+ A

D O N(A) = tr(A), H \; = det(A)
i i=1
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Eigenvalue vs determinant

o H \; = det(A)
1=1

det(A —AI) = (=1)"(A = A1) -+ (A = An) = fa(})

fa(0) = det(A) = (=1)"(=1)"A1--- Ay

codet(A) = A - Ay
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Eigenvalue vs trace

0:0 Z )\L(fl) = f?(f'l)
1=1
= \""1o| A& (coefficient) H|

fa(A) = (=1)"(A = A1) (A = An)

(=1)" D (=DAi = (=)™ N = (=1 Y
i=1 i=1 i=1
ap — A (112 e A1n
a gy — A+ - oy,
det(A—XI)=| -+ % :
(Inl (ln2 (nn )\
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A= 9| eigenvalue

o A7} 7t S A (invertible)
Ax = Ax,x# 0
x = NA"1x.
A7 lx =x/)
- o™ A~ ' of eigenvalue 1/

= AsllE A-! 9| eigenvector x
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Markov Chaini} eigenvector

<+ Markov chain

= AMEJ M O|(transition)Z} S X AFEJO]| [}2f 2HER O

==

o=

0.95

A

0.6 0.03
~ 104

Xp41 = AXy, x; = Axg 0.95 0.03| [0.6]  [0.582
0.05 0.97| [0.4|  [0.418

H Ojcfe] A2t 5

0.97
0.05

B85 A|LE
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Markov Chaini} eigenvector
0.95 0.03 _ |06 .y
4= 1o.05 [],9*?] o lm] Kt = A%

det

[ 95 — )\ 03
| 0.05 97—\

M 192A+.92=0 )\ —10,-009 vi=|"|ve= |1
5 -1

= (.95 — \)(.97 — \) — (.03)(0.05) = 0

Let xp = vy + cavy = [Vl Vg} !;1] Avi =v;  Avy = (0.92)v,
2

o Z vy va] 'xo = |3 “fo.6]  [125

e AT T s 1] o4) T [a2s

X = fﬂiXD = l‘?lfivl -+ l’?gfhr’g =1V T+ EQ([]QZ)VQ

Xo = fin = l‘?lfivl —+ ﬂg([].gz)fi’i’g =C1V]+ 0 ([]QZ)EVQ
X = vy + ¢2(0.92) vy

3

D

X, = 0.125 ! ] + (0.225)(0.92)* !_11] As k — oo, (.92)F = 0.
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Eigenvector S 2 20}

f &=l (Eigendecomposition, spectral decomposition)
O|Z} &3l (SVD, Singular Value Decomposition)
% PCA (Principal Component Analysis)
xheA et

JESEE Pt
» defj= 2 M

= Spectral graph theory

= o= 7|8 st

= Jddij= gk 53

« Google PageRank
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Summary
17 E|(eigenvector) = cj 2 A0 oM Ax =AxE Bt5St=
HE x5 EotH, Ol A& 1 (elgenvalue)OIEf OtLt.
sizdo| EMuE™ M(character |st|c equation)2 det(A - Al) =0 2=
Zo|k|1, O] Ao 0] eigenvalueO|LCt.

E ™ eigenvalued| L3t 1§ -&7ZHEigenspace)2, ol & eigenvector
=0 Slol Wkl FES70|C

ArZESH=H O| eigenvalues FLOHZM AFO| s=X}= 0| L}.

M2 CIE eigenvaluel] Cl|3t eigenvectors2 MZE MY E
g AZ OfH JholaiE PIt 1 g Pig AL83I0] CE
2 Hetel = QoW F HH ASZF B" Mz Ed30|CT
SeddE =2 50t eigenvalueE &=Lt

ol & M (determinant)2 eigenvalues 2| &1t €11, trace=
eigenvalueQ| gt ZHLC}.

AU 0| eigenvalues= 22| B HO| eigenvaluel| H=£=0|C}.
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