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Chapter 9 Vector Differential Calculus, Grad, Div, Curl

9.1 Vectors in 2-Space and 3-Space
Two kinds of quantities used in physics, engineering and so on.

Terminal point
A scalar : A quantity representing magnitude.

A vector : A quantity representing magnitude and direction.
A vector is represented by an arrow.
The tail is called initial point. Initial point

The head (or the tip) is called terminal point

The distance between the initial and the terminal points is called the distance, magnitude, or norm.

A velocity is a vector, v, and its normis |V|.

A vector of length 1 is called a unit vector.

Definition Equality of Vectors

Two vectors @ and b are equal, d= b , if they have the same length and the same direction.
A translation does not change a vector.

RN A

Equal vectors, Vectors having Vectors having Vectors having
a=bhb the same length the same direction different length
(A) but different but different and different
direction length direction
(B) (C) (D)

Fig. 164. (A) Equal vectors. (B)—(D) Different vectors

Components of a Vector
Avector @ is given with initial point P:(x,,y,,2z,) and terminal point Q:(x,,y,,2,).

The vector d has three components along x, y, and z coordinates. 2
a=|a, a,, a,]

where az | N "
a, =X, =Xy, a, =Y, =Y., a;,=2,-2,
N
The length |6| is given by P

~ [ 2 2 21 <, NI 2
|d|=+a; +a; +a; /W‘x&
x Y ¥

Fig. 166. Components
of a vector



Example 1 Components and Length of a Vector
Avector @ with initial point P:(4, 0, 2) and terminal point Q:(6, —1, 2).

Its components are
a,=6-4=2, a,=-1-0=-1, 0@,=2-2=0

Hence d=[2, -1, 0]
Its length is |a]=4/2* +(—1)2 +0 =45

e Position vector
A point A:(x, y, z) is given in Cartesian coordinate system.

The position vector of the point A is a vector drawn from the origin to the point A.

r :[x,y,z]

A

< L
/ v \\l S ‘H\—‘\T‘“
4 3

x G L

Fig. 167. Position vectorr
of a point A: (x, y, z)

Theorem 1 Vectors as Ordered Real Triple Numbers

A vector in a Cartesian coordinate system can be represented by three real numbers (a,, a,, a,),

which corresponds to three components.
Hence d=b meansthat a,=b,, a,=b, and a, =b,.

Vector Addition, Scalar Multiplication

Definition

Addition of two vectors @ =|[a,,a,,a,] and b=[b,,b,,b,]

G+b=[a,+b,, a,+b,, a,+b,]

R\-\*

B

Parallelogram rule Head-To-Tail rule
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Basic Properties of Vector Addition

d+b=b+ad : commutative
6+5)+E:a+(5+6) : associative
d+0=0+d=ad

d+(-d)=0

b
a
a
Cl X b
Fig. 170. Vector addition Fig. 171. Commutativity Fig. 172.  Associativity
of vector addition of vector addition

Definition

In scalar multiplication, a vector d is multiplied by a scalar c.
cd=[ca,, ca,, ca,] / /
a Z2a -a

cd hasthe same direction with @ with increased length for ¢ >0,

“ opposite direction “ “ for ¢ <0 Fig. 173, Scalar
multiplication

-Za

1/

Basic Properties of Scalar Multiplication
c(6+5):c6+c5
c_ =
(c+k)d=cd+ka / 5

c(ka)=(ck)a =cka

. . /.,’ N ~a
1ld=d, 06=0, (-1)d=—d - b+(-d)=b-d

Fig. 174. Difference
of vectors

Unit Vectors f, f, k
A vector can be represented as

d=[a,, a,, a;]=a,i +a,j +a,k

using three unit vectors i, j, k alongx, y, z axes

i=[1,0,0], j=[0,1,0], k=[0,0,1]

Fig. 175. The unit vectors i, j, k
and the representation (8)



Example 2 Vector Addition. Multiplication by Scalars
Let

d=[4,0,1] and  b=[2,-51]

Then
-d=[-4,0,-1],
76 =[28,0,7]
G+b=[6,-5+4]
2(d-b)=2[2,5%]=2d-2b

Example 3 f, ]’, k Notation for Vectors
The two vectors in Example 2 are

G=4i+k
=2/ -5]+L1k

o

9.2 Inner Product (Dot Product)

Definition
Inner Product (Dot Product) of Vectors is defined as

Geb= |6||5|cosy =a,b, +a,b, +a,b,

0<y<m, the angle between a and b

¥
a . J
b a
b b b
ab>0 ab=0 arb<0

Fig. 176. Angle between vectors and value of inner product

Orthogonality
G isorthogonalto b if Geb=0.
y shouldbe m/2 when G#0andb =0

Theorem 1 Orthogonality

Geb=0 ifandonlyif dandb are perpendicular to each other

Length and Angle

Qi
[
Qi
(et
°
(o]
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Basic Properties of Inner Product

(q16+q25)05=q1605+q2505 : linearity

Geb=bed : symmetry

ageda=>0 : positive definiteness
deda=0 ifandonlyif a=0 : positive definiteness
(6+5)OE:GOE+EOE : distributive

Geb S|6||5| : Cauchy-Schwarz inequality
|E+E| £|6|+|5 : triangle inequality

L2 . -2 2 |-

|a+b| +|a —b| =2(|a +|b| ) : parallelogram equality

Example 1 Inner Product. Angle between Vectors
Two vectors @ =[1, 2, 0] and 5:[3, -2, 1] aregiven

Geb=1-3+2-(-2)+0-1= -1
6| =vaed =12 +2* +0* =5
|5|:\/5-5:>1l32+(—2)2 +12 =14

b_ 1 -1
V514

— oS
8]

Example 2 Work Done by a Force

A constant force p is exerted on a body.

But the body is displaced along a vector d . /
o

Then the work done by the force in the displacement of the body is d

w :(|/5|cosa)|3| =ped Fig. 177. Work done by a force
T

Inner product is used nicely here.

Y =arccos =1.69061 =96.865°

a
|a

Example 3 Component of a Force in a Given Direction
What force in the rope will hold the car on a 25° ramp.
The weight of the car is 5000 Ib.

Since the weight points downward,
it can be represented by a vector as

d=[0, —5000, 0]

a caﬁn bf: glllen by a sum of two vectors Fig. 178. Example 3
a=c+p
T 7 Force exerted to the rope by the car
Force exerted to the ramp by the car

From the figure, |p|= |6|cos(65° ) =2113 /b

e Avector in the direction of the rope b= [—1, tan25°, OJ

The force on the rope |p|=d e —|:%| =2113 /b
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e Projection (or component) of @ in the direction of b
Geb

g

p=|d|cosy =

p is the length of the orthogonal projection of @ onto b.

a
a ! * i > ¥ q |
z 7 | t ! . " s |
b b ‘—};—’ b b
P P
=) (p=0) (p<0) Projections p of aon b
Fig. 179. Component of a vector a in the direction of a vector b andgofbona

e  Orthonormal Basis
The orthogonal unit vectors in Cartesian coordinates system form an orthonormal basis for 3-space.

T

(0.3.4)

An arbitrary vector is given by a linear combination of the orthonormal basis.

The coefficients of a vector can be determined by the orthonormality.
V=Ii+1]+1k - I =Vei, Il,=vej, I =vek
/]\

=Ilf0f+lzj0f+13120f

Example 5 Orthogonal Straight Lines in the Plane

Find the straight line L1 passing through the point P: (1, 3) in the xy-plane
and perpendicular to the straight line L2: x-2y+2=0

The equation of the straight line L,: b,x+b,y =k
T

bef =k, in vector form.
b=[b, b, 0], 7=[x,y,0]

Fig. 181. Example 5

Consider another straight line ber =0
— This line passes through the origin and parallel to L»
— I isthe position vector from the origin to a point on L.

Since beF=0, b isnormalto F and to thisline and to L».

The equation of a line parallelto b is Ger=c with Geb=0.
Since b=[1, -2, 0] fromL,, d=[2,1,0]
- L:2x+ty=c

L1 passes through P: (1, 3)
— 2+3=c - L:2x+y=5
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Example 6 Normal Vector to a Plane
Find a unit vector normal to the plane 4x+2y+4z=-7

Express the plane in vector form : der=c
. . ~ . a
Using the unit vectorof a, n =H
a
ner=p : p=c/|5,aconstant. .
origin c
T - . Fig. 182. Normal vector to a plane
Projection of r onto n
A position vector r is from the origin to a point on the plane.
The same projection p forany r - n should be a surface normal.
- . a 1.
Since a :[4, 2, 4] is given, the surface normal is obtained as n :ﬁjga
a
9.3 Vector Product (Cross Product, Outer Product)
Definition
The vector product of @ and b is defined as
V=adxb : another vector
Its magnitude
|\7| :|6><5| :|6||5|siny : v, angle between @ and b
Its direction is perpendicular to both a and b conforming to right-handed triple( or screw).

Fig. 184. Right-handed Fig. 185. Right-handed
triple of vectors a, b, v screw

Note that |E1>< 5| represents the area of the parallelogram

formed by d@andb.

Fig. 183. Vector product
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e |ncomponents

axb=[a,b, —a,b,, a,b, —a,b,, a,b, —a,b, ]

V=dxb can be calculated as follows

i j k
- Ja, al aa, a| Ao, a
dxb=|a, a, a|=il> Zl-j| ' Clek[ '
b b b bZ b3 bl b3 bl bZ
1 2 3
Example 1 Vector Product
d=[1,1,0], b=[3,0,0]
The vector product
i i k
1 0 1 0 | 1
axb=|l 1 0 = i— jt k= -3k =1[0,0, —3].
0 0 3 0 3 0
3 0 0
Example 2 Vector Products of the Standard Basis Vectors
ixj=k, jxk=i kxi=j
jxi=—k, kXj= —i ixk=—j
Theorem 1 General Properties of Vector Products
(kﬁ)xB:k(ﬁxf)):axkE : for every scalar k
ax E+E)=(6><5)+(6><E) : distributive
d+b xE:(axE)+(5xE) : distributive
bxd=—(dxb) : anticommutative
ax 5><E)¢(6><5)><E : not associative

axb

I
1
bxa;

Fig. 187.
Anticommutativity
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Example 3 Moment of Force

Fig. 188. Moment of a force p

Aforce p isexerted ona pointA.
Point Q and point A is connected by a vector r .

The moment m about a point Q is defined as m= |f)|d ,

where d is the perpendicular distance from Q to L.
- m:|ﬁ||F|siny

In vector form
M=rxp : Moment vector

Example 5 Velocity of a Rotating Body

Fig. 190. Rotation of a rigid body

Avector w can describe a rotation of a rigid body.
— lIts direction [l the rotation axis (right-hand rule)
Its magnitude =angular speed ® (radian/sec)

The linear speed at a point P
- v=0d = |W||F|siny =|w x7|

In vector form
V=wxr



Scalar Triple Product

The scalar triple product is defined as

It ca

Theorem 2

(@bc)=de(bxc)

n be calculated as
a, a,

de(bxc)=|b, b,
¢, ¢

-
~

Properties and Applications of Scalar Triple Products

(a) The dot and cross can be interchanged
EO(BXE):(GXB)OE

(b) Its absolute value is the volume of the parallelepiped formed by @, b and ¢ .

(c) Any three vectors are linearly independent
if and only if their scalar tipple product is nonzero.

Proof:

(a) It can be proved by direct calculations

(b)

(c)

If three vectors are in the same plane or on the same straight line,

either the dot or cross product becomes zero in a 0(5>< E) .

6-(5><E)¢0 -

Example 6 Tetrahedron

A tetrahedron is formed by three edge vectors,
i=[2,0,3], b=[0,4,1], ¢=[s6,0]

Find its volume.

First, find the volume of the parallelepiped using scalar triple product.
0

The volume of tetrahedron is 1/6 of that of parallelepiped.
Therefore, the answer is 12.

2
(a b ¢=|0
5

'+ (b x¢)| =[a|5 x¢][cosp] = ([alcos|) b x|

4
6
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area of the base
height of the parallelepiped

Three vectors NOT in the same plane or on the same straight line.

They are linearly independent.

Tetrahedron

-12 - 60 = —72.




9.4 Vector and Scalar Functions and Fields.

A vector function gives a vector value for a point p in space

v=0(p)=[v.(p), v.(p), vs(p)]

In Cartesian Coord.

- neanesatieerd_

A scalar function gives scalar values : f = f(p)

A vector function defines a vector field.
A scalar function defines a scalar field.

In Engineering
Meaning of field = Meaning of function.

The field implies spatial distribution of a quantity.

Fig. 193. Field of tangent
vectors of a curve

Example 1 Scalar function
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i(x v, 2)=[vi(x v, 2), v, (%, ¥, 2), vi(x, v, 2) ]

Field of normal
vectors of a surface

Fig. 194.

The distance from a fixed point p, to any point p is a scalar function, f(p) .

f(p) defines a scalar field in space ~ —

f(p)=f(x,y,X)=\/(X-Xo)2+(y—yo)2+(z—20)2

In a different coordinate system

It means that the scalar values are distributed in space.

— pand p, have different forms, but f(p) has the same value.

— f(p) isa scalar function.

Direction cosines of the line from p, to p depend on the choice of coordinate system.

— Not a scalar function.



Example 3 Vector Field (Gravitation field)
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Newton's law of gravitation

|ﬁ|:£2 : r:\/(X_Xa)Z+(y_ya)2+(z_zl7)2

mass m

/

F, gravitational force

* plx,y,2)

p,(X,, V., 2,)

r
mass M
The direction of F is from p to po. .
ﬁ(x,y,z) defines a vector field in space.
In vector form
Define the position vector,
F= (x—xo)f +(y—yo)]' +(z —zo)lz : Its direction is from po to p.
Then
F=-Llr ¥ .
r
N V3
F,
- Lo o= - o e

Fig. 196. Gravitational field in Example 3

Vector Calculus

Convergence

An infinite sequence of vectors a,, 0, G, convergesto a if
Lm d, —a|:0 .
- lim E(H) =q . d, limit vector

n—o

Similarly, a vector function v(t) has the limit [at t, if
lim|7(t)-7|=0.

tot,

- limi(t)=1

t-t,

Continuity
v(t) iscontinuousat t=t, if

limv(t)=v(t,)

tot,

v(t) iscontinuousat t=t, ifand only if its three components are continuous at t,

V(t)=vy (t)F +v, (t)] +v,(t)k
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Definition Derivatives of a Vector Function
V(t) is differentiable at t if the limit exists

V(t+At)-v(t)

)= Im T

T

Called derivative of V(t

alled derivative of v(t) Fig. 197. Derivative of a vector function

V(t) is differentiable at t if and only if its three components are differentiable at t.

= (e)=[v'(1), '), v.'(1)]

e Differentiation rules
V' : ¢, constant

Example 4 Derivative of a Vector Function of Constant Length
Let v(t) be avector function with a constant length, V(t)| =c.

() =v(t)ev(t)=C

The total derivative
(\70\7)':2170\7':0
T

v'=0orv.l.lv

Partial Derivatives of a Vector Function

Let the components with two or more variables be differentiable (ex.wind direction w.r.t. time and altitude)

V=v,(t, by, b)) +v,(t, by, o t))j+vs(t, b, o t))k

The partial derivative of v with respectto ¢,

Vv Ov,. Ov,, Ov,a
ov —Li+i]+_3k
ot, ot ot ~ ot
The second partial derivative
o v, . O, « O,

= i
otot, otot, otot, otot,

Example 5 Partial derivatives
r(fy, Ip) = acosty i+ asiniy j + 19k
. . N Jar
= —asintfji+acost;j and — = k.
aty

dar

l"“' 1



