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1.3 Integral Calculus (& = &})
1.3.1 Line, Surface, and Volume Integrals (8 & &, HEE, H&E )

® & & Z (Line Integrals):

b - -

Z | E-dl
a

where E is a vector,
' dl is the infinitesimal displacement vector (24 22| I H)

= _[: E dl cosé
:j:(EX>z+ E,J+E,2 )-(dx R +dy §+dz 2)=j:(Exdx+ E,dy + E,dz )

- If the path forms a closed loop (i.e., if b= a) [2t2 A2} &8l B =20l 2+8],
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1.3 Integral Calculus (& &8&})

_ Y
[Example 1.6]  F _ VR + 2x(y+1)§/ | Lb(2,2,0)
Calculate the line integral of v along the paths (1) and (2) * (/2) " i)
dl =dx R +dy §+dz 2 1 (llaO) (i) _J(l)
22 (1): (i) dX:x=1->2at y=1 | |

(idy:y=1—>2at x=2 r2 x
I [y R+2x(y +1) y] (dx R +dy §+dz 2) EZ(2): (1,1)—>(2,§) |
[ Tyzdx+ 2x(y +2)dy] = U yzdx} 1+Uy:12x(y+1)dy}

2 y=2 X=2 J.: E. df = b:(Z,Z)[yZdX + 2X y +1)dy]
= [yz {X}iilz ]y=1 " lzx[y? ' yj }

=[y?(2-1)] - +{2x 2———1}

_ [1.1]{4.(%1)} ~1+10=11

A2 (1) 22(Q)S S8 B 617 §E-dI =11-10=1
&I/ Inha University 3
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1.3 Integral Calculus (& 28&})

® A= (Surface Integrals):
|.E-da
S

where E IS a vector,
da is the infinitesimal patch of area (=4 H & BiE])

= j: E dacosé
- [(E.%+E,9+E,2)-(da, % +da, y+da, 2)=[ (E,da, +E,da, + E,da,)

- If the surface is closed (forming a “balloon”) [t ZE& X & &6l

§E-da

ME2 SA HIZEO 2 L JH=(outward) &L [ “(positive)” 2401 O, ‘\\
CH| AIIS HIZZ O 2 LIHs S8 T= 82 (flux)S 20| . B
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1.3 Integral Calculus (&2 &8&})

= 5 s 5 IR A
[Example 171 E = 2xz R+ (x+2)y + y(z2 —3)2 o 7
Calculate the surface integral of E over five sides - 1
(excluding the bottom) of the cubical box. @ @l (i)
2 y

(Let “upward and outward” be the positive directions.)
For the surface (i) X =2, da =dydz X
E-da=[2xz &+ (x+2)y + y(z2-3)z] - [dydz 8], _, = [2xz dy dz],_, = 4z dy dz

jl(? da = L ojy 4z dydz :_[yzzody igfz dz = [y]iZO[ZZZ]iO —=2x8=16

x /2

For the surface (i) x=0, dd =—dydzX, E-ddi=[-2xzdydz] ,=0 — SE).dézo

For the surface (iii) y =2, da =dxdzy,
E-da =[2xz &+ (x+2)§+ y(z2 - 3)2 | [dxdz 91, =[(x+2)dxdz],_, =(x+2)dx dz

2

2
E da = L OL [(x+2) dxdz__[xzo(x+2)dx_[22:0dz: X?+2x} [z}, =6x2=12
x=0

(228
”u‘} Inha University 5
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1.3 Integral Calculus (& = &})

[Example 1.7] (continued) ; T(V) A
E=2xz 8+ (x+2)y+ y(z2 —3)2
™ |l | T d
For the surface (iv) Y =0, da =—dxdzy, 2 v
x /2

E-da=[-(x+2)dxdz] _, =—(x+2)dx dz

LI(% da = .Lz:o IXZZO— (x+2)dxdz = — J 2:0 (x+2)dx iodz = —{X?Z + ZX}2 2L,
X2 =12 -
For the surface (v) Z=2, da =dxdy Z,
E-da=[2xz %+ (x+2)y + y(z2 —3)2] [dxdy 2],_, =[y(z? —3)dx dy],_, = y dx dy

2
[r0a=1 [ yoty=—[ o] yoy-bE[ £] -2x2-

ol (® 75 [ E . dai =16+0+12-12+4 =20,

a,_f",'-l'i\_\% .
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1.3 Integral Calculus (2 &

z %
® il = = (Volume Integrals): %
: T 4\
T
LT dv =
% iR

‘ an
PR Ly
where T is a scalar function, / A // ..

o r=ga =R

dV is the infinitesimal volume element (=2 21U & &)
dV =dxdydz (in Cartesian coordinates)

LT dv =M : Total mass (& & &).

- If avector v is used instead of T (A 22k QI T CHAIO BB vII AFR T ),

[Vav =[ (v, 2+v, y+v, 2)dV = %[ v, dV +§[v, dV +2[v, dv

(& ) Inha University 7



1.3 Integral Calculus (8 &

[Example 1.8]
T =xyz°

Calculate the volume integral of T over the prism.

LT dv = LT dx dy dz = f:o Jj:o Ll;gxyz2 dx dy dz

B 3 5 1 1-y

=| 7 { jyzo y[ X dx} dy} dz
N (1— y)2

= Lzoz { Y dy} dz

_1 3_ zzdz_[yl_ (y—2y2+y3)dy

G . :
.\ -/ Inha University
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1.3 Integral Calculus (&2 &8&})

1.3.2 The Fundamental Theorem of Calculus (&2 J|2 &¢al)

14 was otE s f(x) o2

[ ijdx: f(b)- f(a)

a | dx

a,_f",'-l'i\_\% . .
.\ -/ Inha University 9



1.3 Integral Calculus (& &&})
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1.3.3 The Fundamental Theorem of Gradients (Gradient2| J| = &2l)

38 B8 Jt&l Al (X Y, Z)Ol 2o

) b

The total change in T in going fromato b a
I \ y
[(VT)-dT =T(0)-T(a) ' “
a X |
| : The fundamental theorem of gradients
allows the line mtegrals to be path independent.
= j VT dl cos @
AGT . . . b( OT oT oT
_j( Ej-(dxx+dyy+dzz):L(&d Edy > ——dz j

—

[Corollary 1 (& &¢cl1)] j ( ) dl isindependent on the path taken from a to b.

[Corollary 2 (S & 2I2)] §( ) dl =0 sinceais identical to b
lie., T(b) - T(a) = 0].

”fﬂﬁ Inha University 10
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1.3 Integral Calculus (&2 &8&})

[Example 1.9] T — Xy2 Ay
take point a to be the origin (0, 0, 0) and b the point (2, 1, 0). b
Check the fundamental theorem for gradients. I

r A A A (111 ..

dl =dx K+dy y+dz 2 0 }(“)
0 0 0 5 a ' P >
VT =| X—+y—+71— X+2 1 27

( OX y@y @Zj(xy) y Y

Forpath (i) y=0; dl =dxx, VT -dl —(y2x+2xy y) dx X = yzdx:O»JiVT-dr:
Forpath iy Xx=2; dl =dyy, VT-dl :(y x+2xyy)-dyy:2xydy:4ydy
-
VT -l :fyzo4y dy = [2y2]ly:O =2
For path )+ path ()| [*(VT)- ol =2+0=2 T(21)-T(00)=2-1-0=2

Forpath () y =X, dy = dx; ol =ckX+dy Y, 2
VT-df:(yZ>A<+2xy§/)‘(dx>”<+dy§/) yzdx+2xydy——dx+x—dx—%x2dx

2

VT.dT:jXZ_Oj X* dx = E 3} =2 .'.L(VT)-dI =T(b)-T(a)

a,_f",'-?";.\‘tﬂ . .
- il ;) Inha University iii 11
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1.3 Integral Calculus (B Z})

1.3.4 The Fundamental Theorem for Divergences (Divergence2| J|& &2l)

[ (v-EJv ={E -da

: Gauss’s Theorem
: Green’s Theorem
: Divergence Theorem

§S (ExdaX + Eyday + Ezdaz)

N
| * Inha University o




1.3 Integral Calculus (8 =) e

[Example 1.10]  E = y2% + (2xy + 22)37 +(2yz)2 : Tlm /0

Check the divergence theorem.
- (.8 0 ,0 v iy | T
IV E=| R=—+9—+2— |- |y*R+2xy + 2 )y + (2yz)?
(axy@y aZ[y(y Jy+(2yz)] B
=2X+2y=2(x+y) 4 l(vi)
1
1 1 1 1 X2
L( E)dV L (x+ y)dV =2 Uy O{[ x+y)dx}jy}dz_2jz{jyo{2+xy}xody]dz
o 1 (1 Lty Y o B B
\ _2jzzo{jyzo(§+y)dy}dz =2 {§+7} dz=2[1dz=2x1=2
. y=0
SE-da:
For the surface(i) X =1; da =dydz X,
E-déz_y2f<+(2xy+z ) +(2y 2] .dydz % = y°dydz
el 1

I(il?déi:.z:o y=oy2dydz_.[1 é} Odz:jzlzogdzzg[z et Z%
y=

a,_f",'-l'i\_\% . .
.\ -/ Inha University 13



1.3 Integral Calculus (&2 &8&}) g

_ R LAY
[Example 1.10] (continued) E = yzy( + (2xy + Zz)y + (2yz)2 1 T b
For the surface(ii) x=0; da =—dy dz X, E. dé:—yzdydz | 1.
= qie ' vldvdr— 1 i |6 i)
j(i%.da_—jzzo oY dydz =~ 5 r
For the surface(iii) Y=1; da =dxdz vy, l(vi)

E; da = [yl2 >21+ (ny + 22))7 + (21yz)2] .dxdz § = (21<y + 22)dde = (szj %Z)dxiz
I(E) da :LZOLO(ZX + 22)dde :LZO[XZ +2°X |, 0z :L:O(1+ zz)dz :{z + ?} . -3

For the surface(iv)y =0; da =—-dxdz y, E-dé:—(ny+ zz)dxdz :1—22dxdz
3
= o, 2 I _1
I(il\%‘da__jz:o A dXdZ—L:O[Z x]lxzodz_ z dz—{g} ) =3

For the surface(v) z=1; da =dxdy Z,
E.di= [y2 R+ (2xy + 22))7 + (2yz)2] -dxdy 2 = 2yz dxdz = 2y dxdz
_[( E .da = _C:O IXlOZy dxdy = .E:o [2xy[_,dy = Ll:OZydy ~ [y2 };:0 =1

For the surface(vi) Z=0; dd =—dxdy Z, E-dda=2yzdxdz=0 _[(\Ig.dazo

.'.ﬁl?-dézl—l+ﬂ—1+l+0=2
S 3 3 3 3 14

.\ -/ Inha University
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1.3 Integral Calculus (& 28&})

1.3.5 The Fundamental Theorem for Curls (Curl2| J| & &2l)

[ (v B)-da=§8.dr Q

: Stoke’s Theorem
: Curl Theorem da H e
>

The curl measures the “twist” of the vector v. .
dl gilscn.:.n . \&%ri——*" "“:

[Corollary 1 (IH& & 2l1)] I(V X B)- da depends only on the boundary line,
not on the particular surface used.

[Corollary 2 (& &¢2l2)] §(V X B)‘ da=0 forany closed surface, since the
boundary line, like the mouth of a balloon,

shrinks down to a point.

%
&y '-:.i.‘."' . .
.\ -/ Inha University
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1.3 Integral Calculus (&2 &8&})

[Example 1.11] B = (2 XZ + 3y° ))7 + (4 yz° )2 I :

Check Stoke’s theorem for the square surface.

L( x B )da B.-dl

Loop

| =
‘Q)‘<>
DO N

= — |=\4z* —2xR+ 222
(42° — 2x)

vxB) da a=| [(422 = 2x)x+ 27 2] [aydz 8], =, (42 )dydz

1

\. = ZZOU;:O {42 }dy}dz =le0 [42 Y|,z =L:A(f)zzdz =3

E@r‘ e swifaeedi) 16




1.3 Integral Calculus (& =28t
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[Example 1.11] (continued) B = (2xz + 3y2)§/ + (4yz2 7
forthetine () X=0, 2=0; dl =dx X+dy y+dz 2 =dy y
B.dl = [(sz + 3y2)§/ + (4yz2 )2])(:012:0 dy ¥
= (2xz + ?;yz)xzo’Z=0 dy =3y°dy
j()é dl =j13y2dy: ly2], =1
For the line (i) X =0, y=1; dl =dx X+dyy+dzZ=dz?Z

é-dr:[(2xz+3y )y+(4y22)2]X:0 o -0z2=47%dz

j I§-dr—jl4zzdz— 4,3 1—
(i) o 13,
For the line (i) x=0, z=1; dl =dyy, B-dl =3y?dy
— — 0 0
J‘(ul) B-d :j 3y2dy—[y3]1 =-1

Wb

\Forthellne(IV) x=0, y=0; dl =dz7, é.dfz(4yzz)d220,

B.dl 1+ﬁ—1+0—ﬂ
3 3

”uﬁ Inha University Loop
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1.3 Integral Calculus (& Z&})

1.3.6 Integration by Parts (8 =28 & &

%(fg)= f(z—ijw(gg

Integrating both sides:

[ (fo)x= ol = [ (3gjdx+j (dfjdx

or

(o Do

[Example 1.12] Evaluate the integral j‘o xe ~*dx

b

. Integration by Parts (8 =8 & &)

o= (e) f(0-n a0--e, Lo

* va—X > —X —x |~
_[ Xe dx:—j (—e )dx—xe

g . . 0 0 X=

oL )5 Inha University 18
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1.3 Integral Calculus (&2 &8&})

Some Integral Relations
v.(fA)=1(v.A)+ A (V)

Integrating the above equation over a volume and using the divergence theorem, we obtain

[v-(ARv =] £(v-Ahv +[ A-(vi )V ={ fA.da

[ f(v-ABv =—[ A. (Vi )V +{ fA-da

.1-,_2“"-':_':{_\} . .
M/ Inha University 19
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1.4 Curvilinear Coordinates (=& %}

Al)
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® Cartesian Coordinates (2 10 & H H)

(x.y.2)

® Spherical Coordinates (72 ZE X))
(r,0,0) f |

® Cylindrical Coordinates (2 & Xt EZH|)

(s.¢.2)
(4.2 (b, 4,2) (1. 0,2)

a.?.’s"?!in
\u:\ Inha University (/01 Q, Z)
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http://ko.wikipedia.org/wiki/%ED%8C%8C%EC%9D%BC:Spherical_coordinate.gif
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1.4 Curvilinear Coordinates (& XITH) 7

1.4.1 Spherical Coordinates (¢ ZHH Hl)

Z &
Polar angle "
(r ’H’¢) (B2 = E%AP—#) 0
I : the distance from the origin (R 22 262 JHel) r=0~o0 / P f
@ : the polar angle (H 2, = & A2 =0~ V’ 5
: - o |
¢ : the azimuthal angle (2 < 2) $p=0~2r — -

= Cartesian coordinates 22| 2t H|

—

X =rSsin&cos ¢ : * Azimuthal angle
y =rsinésin ¢ (1.62) /y =
Z=rcosé j

= A vector in the spherical coordinates “

A=AFf+ A0+ AP ey [ F=sinOcosgR+sin@sing J+cosoz
6 =C0SHCOSP X+Ccosdsing y—sinf 2 | (1.64)
$=—sing K+cosg

These are related to a particular point P.
They change direction as P moves around. 22



http://ko.wikipedia.org/wiki/%ED%8C%8C%EC%9D%BC:Spherical_coordinate.gif
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1.4 Curvilinear Coordinates (=& EHH)

\“)

=

%, A
3

1.4.1 Spherical Coordinates (7 X H|)  (continued)

= |nfinitesimal displacement (= 2~ B %)

dl_ =dr
dl,=rdé (1.66)
dl, =rsin6d¢ (1.67)
dl =drr+rdfé@+rsinfdgg¢  (L68A)
V:fa+67 g +¢? _8 (1.68B)
or rof " rsindog ,
= Infinitesimal volume element (=2 S L[ Al) dV
dv =dldl,dl, =r’sin@drdodg e
v

= |nfinitesimal surface element (=2 & & ) da/
— A 2 - A
da, =dl,dl, f=r"sinddodgf

da, =dl,dl, d=rdrdg 6
a % Inha University : da,

rdé
rsind dg
Y

23
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1.4 Curvilinear Coordinates (& XITH) 7

1.4.1 Spherical Coordinates (¢ ZHE Hl)

[Example 1.13] Find the volume of a sphere of radius R. i ' "
dv =dl,dl,dl, = rsin @ dr d dg j= =

dV =r°sin@dr dod¢

v =[av :jiojjoj:’;rzsinedr do dg

= dzorz dr )( sin & d@)(L_Odqﬁ)
= %Sj[— cos8f, ,(27)= [%3](2)(27;) R

3

@ Inha University o4



R
1.4 Curvilinear Coordinates (& XITH) 7

1.4.1 Spherical Coordinates (7 ZEH|)  (continued)

® Gradient, divergence, curl, and Laplacian in spherical coordinates

or , oT . oT, “x=rsinfcosg, Y=rsingsing
VI =—X+—Vy+—1
OX oy oz a1 aT(arj 5T(59j ﬂ(%j s . Z=rcosé

ox orlox) a0\ ax) aglax ) |X TY T2

ar ot (arj ot (69J+6T (%J =(rsin@cos @)’ +(rsin@sing)’ +(r cos @)
o orloy) ool = r?sin® O(cos? ¢ + sin? )+ (r cos O)

AN

T, 10T 5 1 aT ., =r?(sin? 0+ cos? 0)=r y

Gradient:

VI =—r+-—0+
o 100 Trsing as”? (1.70)

: 2 2 2 /
Divergence: r=\/X Ty +2 2
1 j

oV _
V-\*/zizg(rzvr) 2 —(sin@v, )+ L ¢ R Z 2
r? or rsin@ o0 rsin@ og |0 =cos Tyis
Curl: ~ 1 o /. v, |, (1.71) y
VXV =—; (sm6?v¢)—— r et Y
rsin@| 06 o L¢—tan y
11 1 ov., 0O (, ~ 1] 0 -
— t——\rov, )| 0+—| —(rvy)——=
" rLin@ o¢ ar( ¢)} ’ r[ar( ) 89}5 (L72)  [¥& Reft IY & 1]

. 2
Laplacian: VT = Lo (rz aTjJr 5 1 g (sinHaT}L > .12 a-l; (1.73)
or r<sin@ oo 00 ) r°sin“6 o¢ 25



1.4 Curvilinear Coordinates (=&

1.4.2 Cylindrical Coordinates (2 S X IZH)

(s.¢.2)

S : the distance from the z axis to the point P s=0~w
¢ : the azimuthal angle (& 21 2}) ¢p=0~2r
Z : the z-axis 7 — —00 ~ 400

= Cartesian coordinates 22| £t A z

X =SCOS ¢
y =SSIing (1.74)
Z=1

ZJI.

= A vector in the cylindrical coordinates

(0N
Il

A=AS+A9+A,7

N Qo
I

I
N>

COS¢@ X+Sing y

—SiNg X+C0S¢ Y

(1.75)

26
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1.4 Curvilinear Coordinates (& XITH) 7

1.4.2 Cylindrical Coordinates (RS XX HI) (continued) z
= |nfinitesimal displacement (=2~ B ) dl,=ds, dl,=sdg, dl,=dz h.
dl =ds§+sd@d+dz 2 (1.77) (1.76) %Q@Az
= |nfinitesimal volume element (=2 S U Xl) dV
dVv =dldl,dl, =s ds dg dz (1L78)
= Gradient: .
g1 105 0T, @79
oS S 0¢ 0z
= Divergence: oV
V.VZEQ(SVS)JFE ¢ +8Vz (1.80)
S 0S S 0¢p Oz
= Curl: ov A
VxV= 1ov, N §+(avs—avzj¢+1 g(quj)—avS 4 (1.81)
S 0p Oz oz 0s S| 0s o¢
= Laplacian: 2 2
Vszla(ngj+lzaz+az (1.82)
Sos\ 0s/) S 0¢° 0z

[¢H Ref2 Y & D]

27
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1.4 Curvilinear Coordinates (& XITH) 7

Cartesian (Rectangular) Spherical Cylindrical
Coordinates Coordinates Coordinates
Z : R
A &
P(X, Y, 2) P(r, 6, 9)
d X r 1
7 Y >y -y
y%x 2
X X
Differential volume = Differential volume = Differential volume =
dx dy dz r’sinddrdédg¢ s*ds d¢ dz
X = rsin 6cos ¢ X=S8C0S¢
y = rsin @sin ¢ y=ssing
Z=rcosé L=17
r=x2+y*+2 S =X +Vy°
6 = cos™ Z .
o w/x2+y2+22J ¢ = tan 1(l)
X
a % Inha University ¢= tan™ %) 7 =7 o8
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1.5 The Dirac Delta Function (2 E} & =)

1.5.1 The Divergence of F/r?

I
V=—T (1.83) X A

r N

From the divergence of spherical coordinates, ‘0
- 10, 0 (.. 1 ovy / \
Eq. (1.71) - V-v=—2—(r vr)+ —— —(sin@ v, )+— J
r2 or rsind o6 rsind o¢ ] N
. 10(,1 1 0
V-V=-—"-—"|r-=|=—-=2(01)=0 (1.84) 3
r? ar( er r’ 6r( ) e
[[(v-v)av = [0dv =0 oo e
e*de‘ rsin® do

/A

fu-da=| (% fj (R?sinododg )= ( Sinodo j( [ g ) —4x v

$=0

= Y

[ (V-v)dv ={v.da ??

decays sharply with r.

i‘.-?"--:_':{\}
-igd ;) Inha University r I
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1.5 The Dirac Delta Function (2 E} &%) 7
1.5.2 The One-Dimensional Dirac Delta Function | R
5(x)= {O ?fx # 0 (1.86) / 1 r—rew
o Ifx=0 Height n
J-oo 5( )d 1 /Are“ ‘ “12-1/4 U4 12 x Width 1/n
X )X = (1.87)
: ge_neral!ze(?l fur_lctlon 1 Height n
: Dirac distribution _7x Base 2/n
For an ordinary function f(x),
-1 -1/2 172 1 x
f(x)5(x)= (0)5(x) (189

.[_O; f(x)5(x)dx = £(0) f; s(x)dx = f(0) @89

0 ifx=a N
with j x—a)dx=1 (190

5(X_a):{oo ifx =a

f(x)5(x—a)= f(a)s(x—a) —

(a
”L\? Inha University J‘_O:O f (X)5(X B a) dx = f (a) (1.92 31
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1.5 The Dirac Delta Function (2 E} &) 7
[Example 1.14] Evaluate the integral IS X35(X _ th-
(Solution) J‘ dX 23 _8
SHOH(f| =2 T2 ALSH 40| 12 %%Ej:x%(x—z)dx:o
[Example 1.15] Show that §(kx) = ‘ ‘ 5(x)
where k is any (nonzero) constant. O (— X) = 5(X)
(Solution)  For an arbitrary function f(x), let us consider the integral J' > f (X) 5(kX)dX
yEkX _)x:% —>dx:%dy
If k is positive, Ii[ Jdy If k is negative, J_Oo[ Joy
w© ey dy 1 1 1
[ (s =+~ f(Ej5(y)? =4 (0= 10)= [ 100500
[ f()o(kx)dx =" (x iUV 5(kx)= = 5(x)
’ﬂ/ Inha University % % ‘ ‘ ‘k‘ 39
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1.5 The Dirac Delta Function (2 E+ &%) %

1.5.3 The Three-Dimensional Delta Function

5°(r)=5(x)s(y)s(z)

where T =X X+ Yy )7 +2Z Z :aposition vector from (0, 0, 0) to (x,y,z) | V-V %
.LII space 53 (f)dV :j—w J:oo .[oo 5(X)5(y)5(z) dx dy dz =1 (2.97) :izai(l)=

For an ordinary function f(r),

jall space f(F)5*(r —a)dv = f(a)

V. (sz = 475°(T)

r

A general expression :

source point
I

\
field point

196) [ yoiy

[[(v-v)dv =[odv =0

(1.98) §\7-dé’=L[F:'2fj.(stingd9d¢f)
| ([moso )([Fae )-er

(1.99) « Eq. (1.84)

(1.100)

for any separation vector (H2I#E) Zz=r-r"

d- =dr

[r’is held constant. (r 2 1 &)]

(1.101) «[Appendix C] &1

1.102
(1.102) -
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1.5 The Dirac Delta Function (2! Et &%) 7

[Example 1.16] Evaluate the integral J — Lr +2) ( jdv
r

where V is a sphere of radius R centered at the origin.
(Solution 1)  Eq. (1.99) > v.(ij _ 425°(F)
r
3 =[ (% +2)4r5°(F)dv = 4x|[ r26°(F)dv + 2| 5°(F)av]

=47(0+2)=8x

(Solution 2) ~ ~ -
Eq.(1.59)—>L (V-A}iv_ LA Vf)dv+§ fA - da

=] (2 +2)v ( jdv__L_ V(s 2)av f 2 +2) g
—L— 2r P v+ § (1 +2)— da (ol +2)=2r >

:—LFr sinedrd0d¢+[§s(r +2)riz-rzsin¢9d9d¢f}

r=R

—-[ 2rdr[; sinodo[” dg+ (R +2)[ sinodo[” dg

”’ﬂ/ﬁ Inha University — _47;R2 + 47[(R2 + 2): ¥4 34
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1.6 The Theory of Vector Fields (26 & 0|8) 7

1.6.1 The Helmholtz Theorem

Electric field: E .
" F SMBoNO2 MIIZY NIIRSFR S
Magnetic field : B

« Divergence:  V-F =D
— 2 g 2
Scalar & A
- - ox oy oz
= Curl: VxF =C \ E. E, E,
o OE. By, ofOE, OB, (OB, OB,
V-ézV-(Vxlf):O Eq. (1.46) & = oy azJ y(@z axj Z(ax ayJ
1 D),
[Appendix B] F=—-VU+VxW where U (r)E EJTCIV »:ascalar potential
W(r)zi @dv- . a vector potential
A »
V-F=-VU = —4i | sz(ljdv'z [ D()s°(F - )av'=D(F) v.(izj = 475°%(%)
7T (2
VxE =Vx(VxW )=-vVW +V(V-W) VH:‘%
=, VAW = ch( jdv JC(r)o°(r —r)v'=C(F)
":M}‘: Inha University 4 35
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1.6 The Theory of Vector Fields (26 & 0|8) 7

1.6.2 Potentials

*Curlofavectorfield: VxF =0 |« [F =—VV

Ly :
a scalar potential
[Theorem 1] Curl-less (or “irrotational”) fields

() VxFE =0 everywhere

b - -
(b) L F -dl isindependent of path, for any given end points.

(c) f F.dl =0 forany closed loop.

(d) E isthe gradient of some scalar function |E =-VV

=Curlofavectorfield: V.F =0 «—— E=VxA S
o .
a vector potential
[Theorem 2] Divergence-less (or “solenoidal”) fields

—

@ V-F=0 -everywhere

“W +VxA

TN
Il

(b) I F-da s independent of surface, for any given boundary line.

(©) § F.da=0 for any closed surface.

(d) FE isthe curl of some vector function F=-VxA

36
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1.6 The Theory of Vector Fields (26 & 0|&) 7

[Problem 1.54] Check the divergence theorem for the function

y =2 cosf?f‘+r2 cosr,f:é —r2cosd sinqbtfi,

using as your volume one octant of the sphere of radius R (Fig. 1.48). Make sure you include
the entire surface. [Answer: 7w R* /4]

Solution _ L
( ) L (V . V)dV = §SV - da |
V.v= izg(rZrZ CoS 9)+ - i(sin or? cos¢)+ : i(_ r2 cos sin ¢) /.' | |

reor rsing oo rsin@ og¢ | R
- %MS C0S 6 +———C0S O I COS ¢+ — (— I’ cos 0cos¢) i

r rsiné@ rsiné@
_rcosé
sin@

v .v)dv = [ (4rcos@)r?singdrdods=4[" ridr "2 0s0sin6 do ”/2d¢
=0 6=0 ¢=0

[4sin @ + cos ¢ — cos ¢ | = 4r cos 6.

37
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Problem 1.54
[Problem 1.54] V=r2cosOF+r’cosgf—r2cosdsing ¢
(Solution) - continued § V-da for 4 surfaces )
i) Curved surface: r =R, dd=R’sin@d@d¢r s
V- da = (R?cos0)R?sin6 d6 dg)= R* cos sin 6 dO dgp e LN

4 [E
[v-da=R["cososinodo[ “dg=RY = [ Z |-
(i) 0 0 > )\ % 1

i) Left surface: @ =0, dé:—rdedr& v-dé=(—r2cosesin¢X—rdrd9):O
V.di =5 3
I(.\ﬁ da=s |n¢f rdrI cosfddo =0

iii) Back surface: ¢ =/2, da=rd@dr¢
v-da= ( r cosé’sm¢errd6? =—r’cos@drdg

V-dé_—_f r3dr_[ costH——R—(l): R
(iii) 4 4
iv) Bottom surface: @ =77/2, dd=rdgdr 0, v.di= (rzcos¢Xr drdg)=r®cosg dr d¢
_ ~ R 3 /2 _R_ _R_
Yeda=|]r dr_[O cos¢ dg = y 1)= 1
4 4 4 4
SN " {V-dé’:ﬂR +O—R +R :ﬂR
M Inha University S 4 4 4 4 38
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Next Class

m| Chapter 2. Electrostatics

2.1 The Electric Field

2.2 Divergence & Curl of Electrostatic Fields

2.2.1 Field Lines, Flux, and Gauss’s Law

2.2.2 The Divergence of E
2.2.3 Applications of Gauss’s Law
2.2.4The Curl of E

2.3 Electric Potential
2.4 Work and Energy in Electrostatics
2.5 Conductors

u“\% . .
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Appendix C

ELIION
> e
! \:

Proof of v(lj = _*

2

(2 7

@l
1l

—=(x=x)R+(y - y)y+(z-2)2

—f'\=\/(><—><') +(y-y) +@z-2)

0 vz, 0 N2 Y. N2 V2
= S e (w2 e e e ly -y e -2
+5{(x—x)2+(y—y')2+(z z)}mﬁ

= Lol x)lx-xf + (- yf 2 2F 2 Saly - y)

a,_f" iy . .
.\ -/ Inha University

{x-

X +(y-yf +@-2"y
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